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Abstract We prove the existence and uniqueness of the weak Kahler-Ricci flow on projective 
varieties with log terminal singularities. It is also shown that the weak Kahler-Ricci flow can be 
uniquely continued through divisorial contractions and flips if they exist. We then propose an 
analytic version of the Minimal Model Program with Ricci flow. 
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1 Introduction 



It has been the subject of intensive study over the last few decades to understand the existence 
of canonical Kahler metrics of Einstein type on a compact Kahler manifold, following Yau's 
solution to the Calabi conjecture (cf. [72], [X], [Y3], [TT], [T2]). The Ricci flow (cf. [Ha] , 
[Ch] ) provides a canonical deformation of Kahler metrics toward such canonical metrics. Cao 
[C] gives an alternative proof of the existence of Kahler-Einstein metrics on a compact Kahler 
manifold with numerically trivial or ample canonical bundle by the Kahler-Ricci flow. However, 
most projective manifolds do not have a numerically definite or trivial canonical bundle. It is 
a natural question to ask if there exist any well-defined canonical metrics on these manifolds 
or on varieties canonically associated to them. A projective variety is minimal if its canonical 
bundle is nef (numerically effective) and many results have been obtained on the Kahler-Ricci 
flow on minimal varieties. Tsuji [Ts] applies the Kahler-Ricci flow and proves the existence of 
a canonical singular Kahler-Einstein metric on a minimal projective manifold of general type. 
It is the first attempt to relate the Kahler-Ricci flow and canonical metrics to the Minimal 
Model Program. Since then, many interesting results have been achieved in this direction. The 
long time existence of the Kahler-Ricci flow on a minimal projective manifold with any initial 
Kahler metric is established in [TiZha] . The regularity problem of the canonical singular Kahler- 
Einstein metrics on minimal projective manifolds of general type is intensively studied in jEGZlJ 
and |Z1| independently. If the minimal projective manifold has positive Kodaira dimension and 
it is not of general type, it admits an Iitaka fibration over its canonical model. The authors 
define on the canonical model a new family of generalized Kahler-Einstein metrics twisted by 
a canonical form of Weil-Petersson type from the fibration structure ( [SoTlj . |SoT2j ). It is 
also proved by the authors that the normalized Kahler-Ricci flow converges to such a canonical 
metric if the canonical bundle is semi-ample ( |SoTl| . |SoT2j ). 

Let X be an n-dimensional projective manifold. We consider the following unnormalized 
Kahler-Ricci flow starting with a Kahler metric ujq € H l ^{X, R) n H 2 (X, Z). 

( d 

< dt (1.1) 

The unnormalized Kahler-Ricci flow (jl.ip has long time existence if X is a minimal model, 
i.e., the canonical bundle Kx is nef ([TiZha]). 

If Kx is not nef, the unnormalized Kahler-Ricci flow (jl.ip must become singular at certain 
time To > 0. At time To, either the flow develops singularities on a subvariety of X or X admits 
a Fano fibration and the flow is expected to collapse along the fibres. For the first case, the 
subvariety where the singularities appear is exactly where Kx is negative. The flow then might 
perform an analytic/geometric surgery equivalent to an algebraic surgery such as a divisorial 
contraction or a flip, and replace X by a new projective variety X '. Hopefully, the flow can 
be continued on X' , which usually has mild singularities. The main goal of the paper is to 
define the Kahler-Ricci flow on singular varieties such as X' and to construct analytic surgeries 
for the Kahler-Ricci flow. If the second case occurs and the flow (jl.ip collapses onto a new 
projective variety X" , we expect the flow can be continued on the base X" . Heuristically, we 
can repeat the above procedures until either the flow exists for all time or it collapses to a 
point. If the flow exists for all time, it should converge to a generalized Kahler-Einstein metric 
on its canonical model or a Ricci-flat metric on its minimal model after normalization if we 
assume the abundance conjecture. Eventually, we arrive at the final case when X is Fano and 
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it is conjectured by the second named author that the unnormalized Kahler-Ricci flow becomes 
extinct in finite time after surgery if and only if it is birationally equivalent to a Fano variety 
[T3| . The conjecture is proved by the first named author for smooth solutions of the flow [So| . 

In general, the varieties obtained from divisorial contractions and flips have mild singularities. 
Also we expect that the analytic surgeries performed by the Kahler-Ricci flow coincide with the 
algebraic surgeries as divisorial contractions and flips. Therefore we can not avoid singularities 
if the Kahler-Ricci flow can be indeed continued through surgeries. We then must define the 
Kahler-Ricci flow on projective varieties with singularities. 

We confine ourselves in the category of singularities considered in the Minimal Model Pro- 
gram because such singularities are rather mild and they do not get worse after divisorial con- 
tractions or flips are performed. The precise definition is given in Section [2.31 for a Q-factorial 
projective variety with log terminal singularities. Roughly speaking, let X be such a projective 
normal variety and ir : X — * X be a resolution of singularity, then the pullback of any smooth 
volume form on X is integrable on the nonsingular model X. 

Our first theorem proves the existence and uniqueness for the Kahler-Ricci flow on projective 
varieties with log terminal singularities. Furthermore, it establishes a smoothing property for 
the Kahler-Ricci flow if the initial data is not smooth. 

Theorem A.l Let X be a Q-factorial projective variety with log terminal singularities and H 
be an ample Q-divisor on X. Let 

Tq = sup{i > | H + tKx is nef }. 

If uq G ICh, p (X) for some p > 1, then there exists a unique solution uj of the unnormalized weak 
Kahler-Ricci flow {ZHP starting with loq for t G [0, To). 

Furthermore, if Q is a smooth volume form on X, then for any T G (0, To), there exists 
C > such that on [0, T] x X, 

e~$Q < u) n < eTfi. (1.2) 

The definitions are given in Section [4.11 for Kn p (X) (Definition I4.2p and the weak Kahler- 
Ricci flow (Definition I4.3|) . Theorem A.l shows that the Kahler-Ricci flow can start with a 
Kahler current which admits bounded local potential and an LP Monge- Ampere mass for some 
p > 1. It gives the short time existence for the weak Kahler-Ricci flow. Furthermore, it smoothes 
out the initial current in the sense that the flow becomes smooth on the nonsingular part of X 
once t > and the evolving metrics always admit bounded local potentials for any t G (0, Tq). 
In particular, if X is nonsingular, the flow becomes the usual Kahler-Ricci flow with smooth 
solutions on (0, To) x X. In particular, To is exactly the first singular time for the unnormalized 
weak Kahler-Ricci flow. 

It is not clear how to define metrics on a singular variety X with reasonable regularity and 
curvature conditions in general. One natural choice is the restriction of the Fubini-Study metric 
ujps for some projective embedding of X, if X is normal and projective. It is indeed a smooth 
metric on X, however, even the scalar curvature of ujfs might blow up near the singularities of 
X. More seriously, (ujfs) 11 might not be a smooth volume form on X in general, although it is a 
smooth non-negative (n, n)-form on X (see Section T4. 31 for more detailed discussions). Theorem 
A.l shows that the volume form of the corresponding solutions of the weak Kahler-Ricci flow 
becomes equivalent to a smooth volume form immediately for t > 0. We speculate that the 
weak Kahler-Ricci flow produces metrics on X with reasonably good geometric conditions. For 
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example, given a normal projective orbifold X embedded in some projective space CP , the 
Fubini-Study metric ujfs is i n general not a smooth orbifold Kahler metric on X. If we start the 
Kahler-Ricci flow with ups, the evolving metrics immediately become smooth orbifold Kahler 
metrics on X. 

We also make a remark that the assumption of Q-factoriality can be weakened. In fact, the 
theorems still hold with slight modification if both the initial divisor H and Kx are Q-Cartier. 

The following theorem shows that the Kahler-Ricci flow can be defined on smooth projective 
varieties if the initial class is not Kahler. 

Theorem A. 2 Let X be a non-singular projective variety and H be a big and semi-ample 
Q- divisor on X. Suppose that 

T = sup{t > | H + tK x is nef } > 0. 

If ooq £ ICh, p (X) for some p > 1, then there exists a unique solution uj of the unnormalized weak 
Kahler-Ricci flow ( ti. 1\) for t £ [0, To). 

Furthermore, for any t £ (0, To), there exists C(t) > such that 

\\S(u(t,-))\\ L oo {x) <C(t), (1.3) 

where S(u>(t,-)) is the scalar curvature ofco(t,-). 

The scalar curvature S is defined on a Zariski open set of X away from the exceptional locus 
of H. Theorem A. 2 shows that for each t £ (0, To), the scalar curvature is uniformly bounded. 

Theorem A. 2 immediately implies the following corollary. It turns out that at each t £ (0, To), 
the evolving metric has bounded scalar curvature on a projective variety which admits a crepant 
resolution. 

Corollary A. 3 Let X be a Q-factorial projective variety with crepant singularities, H be an 
ample Q-divisor on X and 

To = sup{i > | H + tKx is nef }. 

If ' ujq G K,H,p{X) for some p > 1, then there exists a unique solution u of the unnormalized weak 
Kahler-Ricci flow $1. 1\) for t £ [0, To). 

Furthermore, for any t £ (0, To), there exists C(t) > such that 

||S-(u,(V))|koo (x) <C(t), (1.4) 

where S(uj(t,-)) is the scalar curvature ofoj(t,-). 

From now on, we always assume A is a Q-factorial projective variety with log terminal 
singularities and H be an ample Q-divisor on X. Let 

To = sup{t > | H + tKx is nef } 

be the first singular time the unnormalized weak Kahler-Ricci flow (jl.ip for t £ [0,To) starting 
with uiq £ K,H,p(X) for some p > 1. 

Theorem A.l gives the short time existence of the weak unnormalized Kahler-Ricci flow and 
the first singular time To is exactly when the Kahler class of the evolving metrics stops being 
nef. If Tq < oo and the limiting Kahler class is big, there is a contraction morphism ir : X — » Y 
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uniquely associated to the limiting divisor H + TqKx- Let NE{X) be the closure of the convex 
cone that consists of the classes of effective curves on X. If the morphism tt contracts exactly 
one extremal ray of NE(X), the recent result of [BCHM] and [HMj shows that either tt contracts 
a divisor or there exists a unique flip associated to tt (see Definition 15.41 for a flip) . 

Since the weak unnormalized Kahler-Ricci flow cannot be continued on X at the singular 
time To, we have to replace X by another variety X' and continue the flow on X' . Our next 
main result is to relate the finite time singularities of the unnormalized Kahler-Ricci flow (jl.ip 
to divisorial contractions and flips in the Minimal Model Program. 

Theorem B.l Let u) be the unique solution of the unnormalized weak Kahler-Ricci flow 
for t € [0, To) starting with ujq G JCh,p(X) for some p > 1. Suppose that H + TqKx is big and 
the morphism tt : X — > Y induced by the semi-ample divisor Ht = H + TqKx contracts exactly 
one extremal ray of NE(X). 

1. If tt is a divisorial contraction, then there exists luy,o £ ^Hy p'(Y) nC°°(yj. e9 \tt(Exc(tt))) 
for some p' > 1 such that, uj(t,-) converges to ir*uJYfi in C 00 (X reg \ Exc{tt)) -topology as 
t — > To, where Hy = tt*Ht . 

Furthermore, the unnormalized weak Kahler-Ricci flow can be continued on Y with 

the initial Kdhler current ujy,o- 

2. If n is a small contraction and there exists a flip 



X 




Y 



then there exists ujx+a ^ KLh x+ ; P '{X + ) for some p' > 1, such that uj(t,-) converges to 
(fc~ 1 )*u>x+ o * n C°°{X reg \ Exc{n)) -topology, where Hx+ is the strict transformation of 
Ht by tt. 

Furthermore, lox+ o * s smooth outside the singularities of X + and where the flip is per- 
formed, and the unnormalized weak Kahler-Ricci flow (QHP can be continued on X + with 
the initial Kdhler current tox+fl- 

Here Exc(n) denotes the exceptional locus of the morphism tt and X reg denotes the non- 
singular part of X. In summary, we have the following corollary. (tt~ 1 )*ll>x+ o i s defined 
by pulling back the local potentials of ujx+,o- It is well-defined because the local potential 
of ujx+ o can b e chosen to be constant along each connected fibre of 7r + and in particular, 
{^T^x+fl £)Ch To ,p( x )- 

Corollary B.2 The unnormalized Kahler-Ricci flow can be continued through divisorial con- 
tractions and flips. 

The Minimal Model Program is successful in dimension three by Mori's work and the recent 
works have (c.f. [BCHM], [Si]) led to proving the finite generation of canonical rings. The 
deformation of the Kahler classes along the unnormalized Kahler-Ricci flow is in line with the 
Minimal Model Program with Scaling (MMP with scaling) proposed in |BCHM| . It is also 
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proved in [BCHMJ that MMP with scaling terminates after finitely many divisorial contractions 
and flips if the variety X is of general type. 

A good initial divisor H means that there are finitely many singular times and the contraction 
morphism at each singular time only contracts one extremal ray if the unnormalized Kahler-Ricci 
flow (jl.ip starts with H. We refer the readers to Section \5. II for the precise definition (Definition 
15. 3D . In particular, good initial divisors always exist if dimX = 2 and kod(X) > 0, then the 
normalized Kahler-Ricci flow with a good initial divisor converges to the canonical model or the 
minimal model of X coupled with a generalized Kahler-Einstein metric. It is possible that a 
general ample Q-divisor H on X is a good initial divisor since MMP with scaling terminates for 
X. 

Theorem C.l Let X be a projective Q-factorial variety of general type with log terminal 
singularities. If H is a good initial divisor on X, then the normalized weak Kahler-Ricci flow 

^ = —Ric(u>) — lo (1-6) 

starting with any initial Kdhler current in JCn,p(X) for some p > 1 exists for t £ [0, oo) and it 
replaces X by its minimal model X m i n after finitely many surgeries. Furthermore, the normalized 
Kahler-Ricci flow converges in distribution to the unique Kdhler- Eintein metric ujke on its 
canonical model X can . 

Theorem C.l gives the general philosophy of the analytic Minimal Model Program with Ricci 
Flow. The Kahler-Ricci flow deforms a given projective variety X to its minimal model X m i n in 
finite time after finitely many metric surgeries. Then X m i n is deformed to the canonical model 
X can coupled with a generalized Kahler-Einstein metric by the flow after normalization. We also 
remark that the flow converges in the sense of distribution globally and in the C°°-topology away 
from the singularities of X m i n and the exceptional locus of the pluricanonical system. Certainly, 
it is desired that the convergence should be in the sense of Gromov-Hausdorff. We also remark 
that when X is a nonsingular minimal model of general type, the convergence of the normalized 
Kahler-Ricci flow is proved in |Ts| and [TiZha| . 

The organization of the paper is the following. In Section [21 we set up the basic notations for 
degenerate complex Monge- Ampere equations and algebraic singularities in the minimal model 
theory. In Section [31 we solve a special family of degenerate parabolic Monge- Ampere equations 
on projective manifolds. In Section [H we apply the results in Section [3] to prove Theorem A.l, 
Theorem A. 2 and Corollary A. 3 for the short time existence of the weak Kahler-Ricci flow. In 
Section [5l Theorem B.l and Corollary B.2 are proved for the weak Kahler-Ricci flow through 
singularities. We also prove Theorem C.l for long time existence and convergence. Finally in 
Section [6l we propose an analytic Minimal Model Program with Ricci Flow. 

2 Preliminaries 

2.1 Kodaira dimension and canonical measures 

Let X be an n-dimensional compact complex projective manifold and L — > X a holomorphic 
line bundle over X. Let N(L) be the semi-group defined by 

N(L) = {m £ N | H°(X, L m ) + 0}. 
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Given any m £ N(L), the linear system \L m \ = PH°(X,L m ) induces a rational map $ m 

$ m : X — > CP dm 
by any basis {a mfi , a m> i, ... ,o- m<dm } of H°(X,L rn ), where 

®m(z) = [er m ,o, o- m> i, ... ,<T m ,dm( z )]i 
and d m + 1 = dim#°(X, L m ). Let Y m = $ m (X) C CP*" be the closure of the image of $ m . 

Definition 2.1 The Iitaka dimension of L is defined to be 

k(X,L)= max {diml^} 

rneN(L) 

ifN(L) ^ (/>, and n(X, L) = -oo t/JV(£) = 0. 

Definition 2.2 Let X be a projective manifold and Kx be the canonical line bundle over X . 
Then the Kodaira dimension kod(X) of X is defined to be 

kodpO = k(X,K x ). 

The Kodaira dimension is a birational invariant of a projective variety and the Kodaira 
dimension of a singular variety is equal to that of its smooth model. 

Definition 2.3 Let L —* X be a holomorphic line bundle over a compact projective manifold 
X . L is called nef if L-C > for any curve C on X and L is called semi-ample if L m is globally 
generated for some m > 0. 

For any m € N such that L m is globally generated, the linear system \L m \ induces a holo- 
morphic map <£ m 

$ m : X -» CP*" 

by any basis of H°(X,L m ). Let Y m = $ m (X) and so <3? m can be considered as 

&m ■ X — > y m . 



The following theorem is well-known (cf . [Lai E] ) • 

Theorem 2.1 Let L ^ X be a semi-ample line bundle over an algebraic manifold X . Then 
there is an algebraic fibre space 

such that for any sufficiently large integer m with L m being globally generated, 

Y m = Y and * m = $oo, 

where Y is a normal projective variety. Furthermore, there exists an ample line bundle AonY 
such that L m = (S^)* A. 
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If L is semi-ample, the graded ring R(X,L) = (Bm>oH°(X, L m ) is finitely generated and so 
it is the coordinate ring of Y. 

Let X be an n-dimensional projective manifold. It is recently proved in [BCHMj and [Si] 
independently that the canonical ring R(X,Kx) is finitely generated if X is of general type. 
Then the canonical ring induces a rational map from X to its unique canonical model X can . 
The following theorem is proved in [EGZ1] when X is of general type (also see [Tsj . [TiZhaj for 
minimal models of general type) and in |SoT2] when X admits an Iitaka fibration over X can . 

Theorem 2.2 Let X be an n-dimensional projective manifold with R(X,Kx) being finitely 
generated. 

1. kod(X) = n, then there there exists a unique Kahler current ujke £ [-^0f can ] with bounded 
local potential satisfying the Kahler- Einstein equation 

Ric(u K E) = -uke- (2.1) 

2. < kod(X) < n, X admits a rational fibration over X can whose general fibre has Kodaira 
dimension 0. There exists a unique Kahler current iv can £ [Kx can + L x /x can ] such that 

Ric(uj can ) = -uj can + u} WP , (2.2) 

where L x /x can is relative dualizing sheaf and ujwp is a canonical current of Weil-Peterson 
type induced from the Calabi- Yau fibration. 

The closed current tv\y P is exactly the pullback of the Weil- Peterson metric on the moduli space 
of Calabi- Yau varieties associated to the fibres if X is a smooth minimal model and K x is 
semi-ample. When X is not minimal, the general fibre is not necessary a Calabi- Yau variety. 
One can still define u>\yp a s a L 2 -metric on the deformation space for varieties of Kodaira 
dimension. We refer the readers to the precise definition in [SoT2| . 

If kod(X) = 0, then so there exists a holomorphic volume form D, = (rj ® rj) 1 /™ 1 for some 
holomorphic section r] £ H° (X, mKx ) • It is proved in [SoT2j that for any ample divisor H on 
X, there exists a Kahler current loqy £ H with bounded local potential such that 

{lucyT = cn (2.3) 

for some positive constant c > 0. Therefore Ric{u)cy) = outside the stable base locus of 
the pluricanonical system of X. The existence of singular Ricci-flat Kahler metrics is proved in 
[EGZl] on singular Calabi- Yau varieties. 

Such metrics are the unique canonical metrics on projective varieties of non-negative Kodaira 
dimension and the generalized Kahler-Einstein equations can be viewed as an analytic version 
of the adjunction formula. They are candidates for the limiting metrics of the Kahler- Ricci flow. 

2.2 Complex Monge- Ampere equations 

In this section, we review some of the important results in degenerate complex Monge- Ampere 
equations developed by Kolodziej [Kol] and many others (|Zlj. [EGZlj . [DP] . [EGZ2] ). We start 
with some basic notations. 

Definition 2.4 Let X be an n-dimensional Kahler manifold and to be a closed semi-positive 
(1, \)-current on X . 
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1. uj is Kahler if it is positive. 



2. uj is called big if [uj] n = f x UJ n > 0. 

3. to is called a Kahler current if it is big. 

If uj is a Kahler current with bounded local potential on X, the corresponding volume current 
uj n is uniquely well-defined by the standard pluripotential theory. 

Definition 2.5 Let uj be a Kahler current with bounded local potential onX . A quasi-plurisubharmonic 
function associated to uj is an upper semi-continous function p : X — » [—00,00) such that 
uj + \/—lddip > 0. We denote by PSH(X,uj) the set of all quasi-plurisubharmonic functions 
associated to uj on X. 

In |Kolj , Kolodziej proves the fundamental theorem on the existence of continuous solutions 
to the Monge- Ampere equation (uj + ^ —lddp) n = Fuo n , where w is a Kahler form and F £ 
L p (X,uj n ) for some p > 1 is non- negative. Its generalization was independently carried out in 
[Zh] and [EyGuZel]. They prove that there is a bounded solution when uj is semi-positive and 
big. A detailed proof for the continuity of the solution was given in [DZ] (also see [Zh] for an 
earlier sketch of proof). These generalizations are summarized in the following. 

Theorem 2.3 Let X be an n-dimensional Kahler manifold and let uj be a Kahler current with 
bounded local potential. Then there exists a unique solution p £ PSH(X,uj) n L°°(X) solving 
the following Monge- Ampere equation 

(uj + V^lddp) 71 = FQ, 

where $7 > is a smooth volume form on X , F £ L P (X, SI) for some p > 1 and J x FQ = J x uj u . 

In [Ko2j . Kolodziej proves the stability result for solutions of the complex Monge- Ampere 
equations for Kahler classes. It is later improved by Dinew and Zhang [DZ| (also see [DP] more 
general cases) for big and semi-ample classes. The following is a version of their result. 

Theorem 2.4 Let X be an n-dimensional compact Kahler manifold. Suppose L — > X is a semi- 
ample line bundle and uj £ c\(L) is a smooth Kahler current. Let $7 be a smooth volume form 
on X. For any non-negative functions f and g £ L P (X, f2) for some p > 1 with j x /Q = J x gQ, 
there exist ip and ip £ PSH(X,uj) n L°°(X) solving 

{uj + ^iddp) n = fn, (uj + y/^iddip) n = g n 

with 

max(p — ip) = max(ip — <p). 

Then for any e > 0, there exists C > depending on e and p, \\f\\Lp(x,fi) an d \\g\\Lp(x,n) 
such that 



\W-nL^ { x)<C\\f-g\\ltl x ^ y (2.4) 

Theorem 12.41 can be generalized for the case where the right hand side of the Monge- Ampere 
equations contains terms such by Kolodziej 's argument in |Ko2| . Theorem 12.41 also holds 
uniformly for certain family of uj, such as w + ex with a fixed Kahler metric x an d e G [0, 1]. 
Also the sharper exponents are obtained in |DZ] and [DP| . 
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2.3 Singularities 

We will have to study the behavior of the Kahler-Ricci flow on normal projective varieties with 
singularities because the original smooth manifold might be replaced by varieties with mild 
singularities through surgery along the flow. 

The pluripotential theory on normal varieties has been extensively studied (cf [FN]) . Let X 
be a normal variety. A function / on X is continuous (or smooth) if / can be extended to a con- 
tinuous (or smooth) function in a local embedding from X to C^. A plurisubharmonic function 
is an upper semi-continuous function (p : V — > [—00, 00) which locally extends to a plurisub- 
harmonic function in a local embedding from X to C^. By the work of [?, ?] any bounded 
plurisubharmonic function on X reg , the nonsingular part of X, can be uniquely extended to a 
plurisubharmonic function on X. Let X be a normal projective variety and uj be a semi-positive 
closed (1, l)-current on X. We let PSH(X,u>) be the set of all upper semi-continuous functions 
ip : X — » [—00, 00) such that u + \f— Tddip > 0. 

In this paper, we confine our discussions to projective varieties with mild singularities which 
are allowed in the Minimal Model Program in algebraic geometry. 

Definition 2.6 [KMMj Let X be a normal projective variety such that Kx is a Q-Cartier 
divisor. Let tt : X — > X be a resolution and {E{\ p i=l the irreducible components of the exceptional 
locus Exc(ir) of it. There there exists a unique collection ai G Q such that 

v 

K x = tt*K x + ^ j a i E i . 

i=l 

Then X is said to have 

• terminal singularities if > 0, for all i. 

• canonical singularities if a% > 0, for all i. 

• log terminal singularities if a, > —1, for all i. 

• log canonical singularities if > —1, for all i. 

Terminal, canonical and log terminal singularities are always rational, while log canonical 
singularities are not necessarily rational. We can always assume that the resolution tt is good 
enough such that the exceptional locus is a simple normal crossing divisor. 

Definition 2.7 A variety X is Q-factorial if any Q-Weil divisor on X is Q-Cartier. 

Kodaira's lemma states that for any big and nef line divisor H on X, there always exists an 
effective divisor E such that H — eE is ample for any sufficiently small e > 0. Let ir : X — > X 
be a birational morphism between two projective varieties and Exc(ir) be the exceptional locus 
of tt, where tt is not isomorphic. The following proposition is a special case of Kodaira's lemma 
and the support of E exactly coincides with Exc(tt) (see [D]). 

Proposition 2.1 If X is normal and Q-factorial, then for any ample Q- divisor H on X, there 
exists an effective divisor E on X whose support is Exc(tt) and TT*H—eE is ample for sufficiently 
small e > 0. 

It is also well-known that Q-factoriality is preserved after divisorial contractions and flips 
in the Minimal Model Program. Q-factoriality is a necessary condition in our discussion be- 
cause we need the canonical divisor to be a Cartier Q-divisor in order to define a volume form 
appropriately. 
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3 Monge- Ampere flows 

3.1 Monge- Ampere flows with rough initial data 

In this section, we will prove the smoothing property of the Kahler-Ricci flow with rough initial 
data. We will assume that X is an n-dimensional Kahler manifold. 

Definition 3.1 Suppose u is a Kahler form and $7 is a smooth volume form on X . Then we 
define for p G (0, oo] , 

psH p (x,uj,n) = {cpe PSH{x,Lo)nL°°(x) | ( u + ^ dd( p) n £ l p (x)}. 

Note that (to + \/ —ldd(p) n is a well-defined Monge- Ampere mass for bounded w-psh function 
ip. In Definition 13.11 the Monge- Ampere mass (u> + y/— ldd(p) n must be absolutely continuous 
with respect to $7 in order to define ^ + ^~^ dd J£L- g L P (X). Suppose ipo G PSH p (X,uo,Q) for 
some p > 1. Let 

By Kolodziej's result |Kol| . 

Vo eC°(X). 

The following proposition shows that any element in PSH p (X,u,fl) for p > 1 can be uni- 
formly approximated by smooth quasi-plurisubharmonic functions. 

Proposition 3.1 There exist a sequence {<foj}JLi C PSH(X,ujo) n C°°(X) swc/i that 

lim H^oj - </>o||z°°m = 0. (3.1) 

Proof Recall that C°°(X) is dense in L' P (X). Therefore there exists a sequence of positive 
functions {Fj} G C°°{X) such that f x FjSl = f x Ftl and 

lim \\Fj - F\\ LP , X ) = 0. 
We then consider the solutions of the following Monge- Ampere equations 

(tu + y^lddtpo, j ) n = F j £l. (3.2) 

Since Fj G C°°{X) and Fj > 0, ^0,j G PSH(X,uj ) n C°°(X). Without loss of generality, 
we can assume 

sup((£o - ¥>oj) = sup(</? ,j - <Po)- 

By the stability theorem of Kolodziej [Ko2j (Theorem 12. 4j) , we have 

i 

Wfoj -yo||z,°°(x) < --^ll^pc) 
where C only depends on ||-Fj||LP(x) an d The proposition follows easily. 

□ 
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Now we have a sequence of smooth Kahler forms 



Let x = V~ 199 log f2 G [Kx] and = wo + ^X- By simple calculation, one can show that the 
unnormalized Kahler- Ricci flow with the initial Kahler metric cuqj is equivalent to the following 
Monge- Ampere flow 



We define 



9pj _ (uh + y/-l99(fj] 
dt ~ og n 

(fj(0,-) = <p 0d . 



T = sup{t > | [loq] + t[K x ] is nef } 



(3.3) 



to be the first time when the Kahler class stops being positive along the Kahler-Ricci flow. It is 
well-known that Tq > and by the result of [TiZhaj . the Monge- Ampere flow exists for [0, To). 

The following lemma shows that the Monge-Ampere flows starting with ipoj approximate 
the same flow starting with (po . 



Lemma 3.1 For any < T < Tq, there exists C > such that for t £ [0, T], 

\\<Pj\\L°°(X) < C 

Furthermore, {(fj} is a Cauchy sequence in L°°([0, T] x X), i.e., 

Jim \\ifj - <Pk\\L°°([o,TUX) = 0- 



(3.4) 



(3.5) 



Proof Applying the maximum principle to (fj, we can show that there exists C > such that 



sup \ipj\ <T sup | log — | + sup \if ,j | < C. 

[0,T]xX X " X 

Let t/ijfg = (fj — ifk- Then ipj j. satisfies the following equation 



— log — 



dt 



By the maximum principle, 



(3.6) 



Then 



sup \<Pj-(pk\= sup \if)j >k \ < sup \<f ,j - (po,k\- 

[O.T]xX [O.T]xX X 



lim \\ipj - <Pk\\L°°(io,T]xX) < lim \\<Po,j - <Po,k\\L°°(X) = 0. 

J,k— >00 J,K^OO 



□ 



We also can bound the volume form along the Monge-Ampere flow, even though the initial 
volume form is only in LP(X). 
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Lemma 3.2 For any < T < Tq, there exists C > 0, such that for t G [0, T]. 

r < (uH + V=Tdl><p j r < c 

c ~ o y ' 

Proof Let Aj be the Laplacian operator associated to the Kahler form ujj = u>t + y/—ldd(pj. 
Straightforward calculations show that (Jj — Aj)tpj = tr^.^x). 

Let H + = t(f>j — Lfj. Then H + (0, ■) = —fj is uniformly bounded and 

d 

- &j)H + = -tr Wj (u t -t\) + n = -tr^.(wo) + n < n. 

By the maximum principle, H + is uniformly bounded from above for t G [0, T]. 

Let H~ = (pj + A(fj — n log t. Then H~ (t, •) tends to oo uniformly as t — > + and there exist 
constants C\, C2 and C3 > such that 



d n 
(— - Aj)H- = tr Uj (Au t + x)+ Atpj -j-An 

>- ^+^4-1-^ 

- 2K ujf t ' 

if A is chosen sufficiently large such that Au>t + x ^ f° r t £ [0) T}. Then at the minimal point 
of H~ , the maximum principle gives 

> c 4 t n n. 

It easily follows that H~ is uniformly bounded from below for t G [0, T]. 
Since ipj is uniformly bounded for t G [0, T], the lemma is proved. 

□ 

The following smoothing lemma shows that the approximating metrics become uniformly 
bounded immediately along the Monge- Ampere flow. 

Lemma 3.3 For any < T < Tq, there exists C > such that for t G (0, T], 

Q 

tr^ {uj) < e~. (3.8) 

Proof This is a parabolic Schwarz lemma similar to [Yl] . [LiYaj . Straightforward computation 
from [SoTlj shows that for any t G [0, T], there exist uniform constants C\ and C2 > such 
that 

d 

(— - A^logtr^ojj) < Citr Uj (u ) + C 2 . 

Let H = tlogtr^iuj) — Atpj. Then if A is sufficiently large, there exist uniform constants 
C3, C4, C10 > such that 
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d 

(— - Aj)H < -tr Uj (Aw t - Citu ) - Aifj + log tr uo (loj) + C 3 
< -C 4 tr Uj (u ) + C 5 log tr u . (w ) - C 6 log + C 7 

(^(^^^T-Cglogt + do- 

Suppose max[Q^] x jff = H(to,zo). Since H(0,-) = — oo, to > 0. Then by the maximum 
principle, at (to,zo), 

logtr^Uj) < log ((log i)*" 1 + C u < C 12 ± + C* 13 

and so if is uniformly bounded from above at (to,zo). Since H(0,-) = and tpoj is both 
uniformly bounded, H is uniformly bounded for t € [0, T] and so we prove the lemma. 

□ 



Let g^') be the Kahler metric associated to luj and be the gradient operator associated 
to the Kahler form Uj. As in [Y2j . set 

(<Pj)pkm = Vp )d k d m<Pj 

and 

Lemma 3.4 For any T < Tq, there exist constants A > and C > such that for t £ [0,T], 

\\iPj(t,-)\\cHx)<CeT. (3.9) 

Proof Since all the second order terms are bounded by certain power of e< . By the computation 
in [PSSj . there exist sufficiently large a and (3 > such that 

(— - A i )e~T t tr W0 (o; i ) < -Ci e _ f5,- + C 2 

and 

(|-A,) e -^5 i <C 3 e-f5 J + C4. 
By choosing sufficiently large A and /? > a , we have 

(— - A j )(e- 2 r5 i + Ae-^tr^iujj)) < -C 5 e~fSj - C 6 

for sufficiently large A > 0. 

By the maximum principle and Lemma \'6.'6\ e~~tSj is uniformly bounded for t £ [0,T]. 

□ 

Proposition 3.2 For any < e < T < Tq and k > 0, i/tere exists C € Tk > swc/i t/iai, 

lbillc"=([e,T]xX) ^ Ce,T,fc- (3.10) 
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By Lemma [3.11 <pj is a Cauchy sequence in L°°([0,T] x X) and so c^j converges to <p G 
L°°([0,T] x X) uniformly in L°°([0,T] x X). For any < 5 < T, </>j is uniformly bounded in 
C°°([5,T} x X). Therefore <pj converges to <p in C°°((0,T] x X). Hence y> G C°°((0,T] x X). 

Lemma 3.5 <p G C°([0,T] x X) and 

lim \\ip{t,-) -M-)\\l°°(x) =0. (3.11) 

Proof For any (t, z) G [0, T] x X, 

\tp(t,z) - <po(z)\ < \<p(t,z) - <pj(t,z)\ + \<fj(t,z) - <p ,j(z)\ + \ifo,j{z) - <p (z)\. 
Since {<fj} is a Cauchy sequence in L°°([0,T] x X), 

lim \\ip - tpj\\L°°([o,T\xX) = 0. 

Also 

lim \\(p j - <Po\\l°°(X) = 

J-+00 



and for any j, 
For any e > 0, there exists J > such for any j > J 



lim sup |y?j(t, 2) — v?o jWI = 0< 



sup |</>(M) - ¥>j(M)l < ^ 

(t,z)e[0,T]xX 

and 

sup |<^o,j(2) - tpo{z)\ < -. 
zex 3 

Fix such j, there exists < 5 < T such that 

sup \<Pj(t,z) - <poj(z)\ < \. 
te[o,5],zex 6 

Combining the above estimates together, for any t G [0, 5] and z£l 

\tp(t,z) - ip (z)\ < e. 

This completes the proof of the lemma. 



□ 



Now we are ready to show the existence and uniqueness for the Monge- Ampere flow starting 
with ipo G PSH p (X, u>o, f2). 

Proposition 3.3 ip is the unique solution of the following Monge- Ampere equation 

dt O ( 312 ) 

<p(0,-) = tp o 

in the space ofC°([0,T ) x X) n C°°((0, T ) x X). 



15 



Proof It suffices to prove the uniqueness. Suppose there exists another solution p' G C°([0, T ) x 
X) x C°°((0,T ) x X) of the Monge-Ampere flow ([3TT2D . 
Let tjj = p' — p. Then 



< di> [u t + yf=lddip + yf=ldd^) n 

— = lo § ; — ; — r-r.- > (0,T )xA 



<9i 

V-(o,- 



(w t + V^lddp) n 



(3.13) 



0. 



By the maximum principle, m&xx ip(t, ■) is decreasing and minx ip(t,-) is increasing on 
(0, To). Since both of maxx ip(t, •) and minx ip(t, •) are continuous on [0, To) with maxx ifi(0, •) = 
minx ^(0, •) = , 



for i G [0, Tq). The proposition follows easily. 



□ 



With the above preparations, we can show the smoothing property for the Kahler-Ricci flow 
with rough initial data. 

Theorem 3.1 Let X be an n- dimensional Kahler manifold. Let ojq be a Kahler form and £1 be 
a smooth volume form on X. Suppose that uj' = u>o + \/—lddp>o for some po G PSH p (ujq, O) for 
some p > 1 . Then there exists a unique family of smooth Kahler metrics u)(t,-) G C°°((0, To) x X) 
satisfying the following conditions. 

1. ^ = -Ric{uj), (0,7b) XX. 



Ihn \\<p(t,- 



2. There exists p G C°([0,T ) x X) n C°°((0,T ) x X) such that u = uj + V^lddp and 

< Po(.')\\l°°(X) = °- 

In particular, u(t, •) converges in the sense of distribution to lo' q as t — » 0. 

-Ric{oj) is equivalent to the Monge-Ampere 



Proof The unnormalized Kahler-Ricci flow ^ 
flow 



ldd{ m- log n 



o. 



(3.14) 



Then % 



log &t+\f^dd(p) — 1_ -f^pj w ith lim t ^ + p(t,0) = po for a smooth function f(t) on 
(0, To). Proposition 13.31 gives the existence of such a p with f(t) = 0. 

Suppose there is another solution <p G C°°((0, To) x X) n C°([0, To) x X) to the equation 
(I3TT41) . Then 

(w t + yf-idd(t)) n 



n 



+ /(*) 



for some smooth function /(t) on (0, To). We can assume that (f>(Q, •) = po by subtracting a 
constant because 4>(t, •) converges to a continuous </>o(0 i n C (X) as t — > 0, and </>o differs from 
po by a constant. Then we consider the function tj) = <j> — p, 



— — = log ; 

9* K + ^/^Tdd^)™ 



+ /(*) 
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with i^(0,-) = 0. By the same argument as that in the proof of Proposition 13.31 we can show 
that for < t\ < t 2 < T , 



l't-2 

max^(t2, •) < max ^(^l, •) + / f(t)dt 
x x Jti 



mmip(t2, •) > min ip{t\, ■) + I f(t)dt 
X X /+.. 



Therefore, 



and by letting t\ — > + , we have 



xmnijj{t2i •) > max^/>(t2, •) — (max^(ti, •) — min^(ii, •)). 

X X X X 



min 

x 



X 



•s. 



□ 



SoiP(t,.)=m = f*f(s)d 

Theorem I3.ll shows that the Kahler-Ricci flow smooths out the initial semi-positive closed 
(1, l)-current u with bounded local potential and u> n G L P (X) for some p > 1. It improves a 
result of Chen-Tian-Zhang [CTZj (also see |CT| and [CD]), where p > 3. We remark that the 
condition that p > 1 is essential for later estimates and geometric applications. 

3.2 Monge- Ampere flows with degenerate initial data 

In this section, we will investigate a family of Monge-Ampere flows with singular data on a 
smooth projective variety. The existence and uniqueness for the solutions will be proved. 

We start with two conditions prescribing the singularity and degeneracy of the data that 
will be considered along certain Monge-Ampere flows. These conditions arise naturally in the 
geometric setting in later discussions. 

Condition A. Let X be an n-dimensional projective manifold. Let L\ — > X be a big and semi- 
ample line bundle over X and L 2 — > X be a line bundle such that \L\ + eL 2 ] is still semi-ample 
for e > sufficiently small. Let ujq S c\{L\) be a smooth semi-positive closed (1, l)-form on X 
and x G c\{L 2 ) a smooth closed (l,l)-form. Let uj t = u>o + tX- We assume that u>o at worst 
vanishes along a projective subvariety of A to a finite order, that is, there exists an effective 
divisor Eq on X such that for any fixed Kahler metric 

where C$ > is a constant, Se is a defining section of Eq and h,E is a smooth hermitian metric 
on the line bundle associated to Eq. 

Such an loq, always exists. For example, let m be sufficiently large such that (Li) m is globally 
generated and let {S"] m) }^ be a basis of H°(X, (Li) m ). We can then let 



UJ 



— y/=idd\ogp\S 



(m),2 



j=0 
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Condition B. Let be a smooth volume form on X. Let E = ^f =1 Oi-Ej and F = X]j=i tyFj 
be effective divisors on X, where E% and Fj are irreducible components of E with simple normal 
crossings. In addition, we assume a% > and < fcj < 1. Let $7 be a semi-positive (n,n)-form 
on X such that j x O > and 

ft=|S£|2jS F gG, (3.15) 

where and <Sf are the multi-valued holomorphic defining sections of E and F, He and hp 
are smooth hermitian metrics on the line bundles associated to E and F . 

Note that the condition bj G (0,1) makes f2 an integrable (n, n)-form on X. Furthermore, 

— is in L' P (X, 0) for some p > 1. 

Since L\ is big and semi-ample, by Kodaira's lamma, there exists an effective Q-divisor E 
such that [Li] — e[JB] is ample for any sufficiently small rational e > 0. Without loss of generality, 
we can always assume that the support of E contains Eq, E and F, i.e., 

suppE U suppF U suppEo C suppE. 

Let S 1 ^, be the defining section of E and /is a smooth hermitian metric on the line bundle 
associated to [E] such that for sufficiently small e > 0, 

u>o — eRic(hg) > 0. 

We can also scale h E and assume |S'^||. < 1 on X. 

Let ujt = ujq + t\- We consider the following Monge- Ampere flow with the initial data 
V?o G PSH(X,u )nC°°(X). 

<V =lo K + + yf=ld8<p) n 

dt n ' (3.16) 

The equation (|3.16p is not only degenerate in the sense that [ujt] is not neccesarily Kahler 
but also that has zeros and poles along E and F. The goal of the following discussion is 
to prove the existence and uniqueness of the solution for the Monge- Ampere flow (|3.16p with 
appropriate assumptions. Let 

To = sup{t > | [L\ + tL2[ is semi-ample }. 

If Condition A is satisfied, To > or To = oo. Furthermore, L\ -\-tL2 is big for any t £ [0, To). 
The following theorem is the main result of this section. 

Theorem 3.2 Let X be an n-dimensional projective manifold. Suppose Condition A and 
Condition B are satisfied. Then for any (po E PSH{X,ujq) n C°°[X) } there exists a unique 
(f G C°°([0,T )) x(X\ E)) with ip(t,-) G PSH(X, u t ) D L°°(X) for each t G [0,T ), satisfying 
the following Monge- Ampere flow. 

d -^=lo ^ + ^ ld ^\ on[0,T )xA\T, 

dt n ( 3 _ 17 ) 

ip(0, •) = 93 , on X. 



18 



Remark 3.1 For any fixed T G (0, To), we can assume that uj t > eujQ for all t G [0,T], where 
e > is sufficiently small and it depends on T. Recall that L\ + tL>2 is semi-ample and big for 
all t G [0,T ). We fix T G (T,T ). Then 

N = ^t[uj + Tox] + T ° - [o> ] 

and [wo + Tox] is semi-positive and big. Then there exists <fi G PSH(X,u>o + Tox) n C°°(X), 
i.e., w + T x + V^lddcf) > 0. Then for all t G [0, T'], 

uh + ^V=idd<f> = Uu + T 0X ) + ^V^lddcP + ^-^ > ^==-^o > 0. 
^0 J-0 J -tQ -to 



Then 



d_ 

at 



t 



O T ' 



^ - ^r<A) = log * 



Let uj'q = luq, x' = x + 7^V — Tdd<f>, uj' t = w + ^x'j ^' = ^e T ° and </?' = if — jri 



>. We have 



a , ((J t + V=iad(ff 



It is easy to check that u)' t > T j, p - cjq and Condition A and Condition B are still satisfied for 



lj'o and Q' . 



From now on, we fix T G (0, To) and assume without loss of generality from the previous 
remark that cot is bounded from below by eujQ for sufficiently small e > 0. In order to prove 
Theorem 13. 2 1. we have to perturb equation (|3.17p in order to obtain smooth approximating 
solutions. Let 

wt,s = u + tx + s$ 



and 



a. 



r + \SE? hE 

™ + \s F \l F 
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be the perturbations of ujt and Q for s,w,r G [0, 1]. In particular, ut t o = uj t and fio,o = ^- Since 
$ is Kahler, uj ttS is Kahler for s > and t G [0, To). 

Then we consider the following well-defined family of Monge- Ampere flows with the fixed 
initial data <po. 



dip s 



Of, 



log 



-Iddifs 



(3.18) 



<Ps,v),r(0, •) = ^0- 

The standard argument gives the following lemma as [cJ s ,t] stays positive on [0, To) 



Lemma 3.6 For any s,w,r G (0,1], there is a unique smooth solution (p s 
Ampere flow iHTM on [0,T ) x X. 



of the Monge- 
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Lemma 3.7 Let F w>r = ™£ . Then there exist constants p > 1 and C > such that for w,r £ 
[0, 1] and 

\\Fw,r\\LP(X,& n ) < C- (3.19) 
Proof There exists a constant C > such that 

Jx Jx 

= [ (F w ,rr-\r + \S E \)l E (w + \S F \)^e 

< c [ (F^r-^Sp^e. 

Since F w>r has at worst poles along E and the vanishing order of I-S'fI^ is strictly less than 
2, by choosing p — 1 > sufficiently small, f x (F Wtr ) p $ n is uniformly bounded from above. 

□ 

We can apply the results for degenerate complex Monge-Ampere equations as F w>r is uni- 
formly bounded in L P (X) for some p > 1. 

Lemma 3.8 For any < T < Tq, there exists C > such that for all s,w,r £ (0, 1], 

||<As,ryit)||.L°°([0,T]xX) < C 

Proof We first prove the uniform upper bound for ip s ,w,r- We define for t £ [0, T] 

a s , w , r (t) = . (3.20) 

It is easy to see that a s>W:T (t) is uniformly bounded for t £ [0, T\. Notice that 

o. / Vs,u>,r^'u>,r — / iOg "«j,r 
CI Jx Jx s 'u>,r- 

< ( / n W:r ) log^-^ + a w (t) / 

( / J\,, r ) (log -ff^- — J + a w (i) / fl 

Jx \ a> Str {t) J x \l w>r / Jx 



< 



J A 



w,r- 

X 



By the maximum prinicple, j x ^ s ,w,r^"w,r < C for a uniform constant C that depends on T. 

On the other hand, since <p s ,w,r & PSH(X,L0 s ^ Wtr ), by Homander-Tian's estimate, there exist 
a > and C a > such that for all s,r£ (0, 1] and t £ [0, T], 

/ ,=~ a ( l i 5 s,u>,''-sup x (^ s>U)>r .)Q <r n 
Jx 

By Jensen's inequality, there exists a constant C > such that for s, r £ (0, 1] and t £ [0, T], 

SUp (Ps,w,r / (Ps,w,r^"w,r — C. 

X Jx 
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It follows that sup x y> s ,w,r is uniformly bounded above. 

Now it suffices to obtain a uniform lower bound for ip S)W ,r- Let 9 = 5ujq, where 5 > is 
sufficiently small such that 

29 < uj t 



for all t £ [0, T]. By the choice of h&, 



9 - eRic(h^) > 



for any sufficiently small e > 0. 

We consider the following family of Monge- Ampere equations for w,r £ [0, 1]. 

(9 + \/ — ldd(f> w ^ r ) n = C W)T £l w ^ T , 

with the normalization conditions [9] n = C w<r J x £l W)T and sxvpx <j) = 0. 

CO 

Note that by Lemma 13.71 — h ~ is uniformly bounded in L p (X,9 n ) for w,r £ [0, 1]. By 



(3.21) 



the resluts in [EGZlj . (j) Wtr £ C°°{X \ E) and there exists a uniform constant C > such that 
for all w,r £ [0, 1], 



||0w,rlU°°(X) < C- (3.22) 

Let ip a ,w,r(ti •) = fs,w,r(t, •) — (f>w,r- The evolution equation for ip a ,v>.r is given by the following 
formula for t £ [0, T]. 

W7Vs,w,r = log — ^_ - — ; — + log C w , r . 

Let i7 = ips tW: r — clog I'S'gll- • Then the minimum of H is always achieved in X \ E as H 

tends to oo near E. Suppose for fixed t £ [0, T], minx H(t, •) = H(t, zq). By choosing sufficiently 
small e > 0, we have at (t, zq), 



> lOE 



+ yf-ldd(j> Wtr + (ui t -9 + sd- eRic(h § ) + y/-LddH) n 

{6 + V=ldd<l> Wtr ) n 
+ V Z T9^, P + {0- eRic(h^)) + y/^lddH) 7 



+ logC u 



+ log a 



> log ~ ^— ;= : h log CL r 



> logC„ 



By the maximum principle, there exist a sufficiently small e > and a uniform constant C > 
independent of e such that for all s,w,r £ (0, 1], t £ [0, T], 

H > -C. 

It follows then that for s,w,r £ (0, 1] and t £ [0, T], 

Ps,w,r(t, •) > TO) r(-) + elog \Sg\l_ - C. 

By letting e — > 0, we have 
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The uniform bound for <j) w ^ r gives the uniform lower bound for <p s ,w,r- Combined with the upper 
bound for (f S;W>r , we have completed the proof. 

□ 

Lemma 3.9 For any T G (0,Tq), there exist C , a > such that for all t G [0, T] and s,w,r £ 
(0, 1] 



d_ 



<c + i og |^|- 



2a 

E 



Proof Let A s u , r be the Laplace operator with respect to the Kahler metric u> SjW:r . Notice that 

d 



dt 



^s,io,r — ^■s,w,r i Ps,w,r + t r u) s ,w,r (x) • 



Let H~ 



A 2 fs,w,r + ^4 log I^rI?. ) • H + (0, •) is uniformly bounded from above for 



A > sufficiently large. Then for A sufficiently large, we have 





















A H + 




:r {A 2 ut,s -X- A Ric(hg)) - A 2 <p s>W:r + nA 2 


< 


A H + 


-A 2 ip s 


w,r ~t~ f^A 




A H + 


-A 2 W 


f + A 2 {-A 2 ip s , w , r + A\og \S^\l_.) + nA 2 


< 


A H + 


— A 2 K 


f + c. 



By the maximum principle, H + is uniformly bounded above and so there exist C\ and C2 such 
that 

<Ci + C 2 log|S^.. 
To estimate the lower bound of (fi s ,w,r, we define 

H~ = <p S}W , r + A 2 ip s , w;r - A\og \S^.\ 2 h& 

for sufficiently large A. Then straightforward calculation shows that there exist constants C3, 
C4, C7 such that 



dt 



H- > A s ^ r H- + C 3 (-^)^+A z ^ w , r -C 4 



|2 • 



. -IV , . Ill . ,/. 



A w iT + C z {-^) » + A log + ^ log ^ - C 4 



n 



> A w F--^log-^ + ^log^-C 5 



LO, 



t.s 



w,r 



A S:W>r H~ - A 2 H~ - A 3 log |^|L + 2A 2 log - C 6 



n 



w,r 



> A s w r H — A 2 H — C7. 



Then a similar argument by the maximum principle gives the lower bound for H and if> s , w ,r- 



□ 
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Lemma 3.10 For any T £ (0, To), there exist C, a > such that for all t £ [0,T] and 
s,r,w £ (0, 1] 

|ir*(<«w)l < c\Sz\hl a . 

Proof Standard calculations show that for some constant C > 0, 

d tr w (Ric(£l w r )) 
- A S)Wjr )logtr#(u} SjW)r ) < Ctr w . iiBiP (0) + — Tgy — + C. 

Define 

H = logtr^(uj S:W)r ) - A 2 ip s ^ w>r + Alog\S^\l_. 
Then for sufficiently large A > 0, there exist uniform constants C\ and C 2 such that 
d 

< -fr«.,., P (AV. " ARic(h § ) - Ct) + *^/ Ric ^'» - A* log f^l + C X 

< tr UtiV>iT (9) + — A log — - + C 2 . 

Suppose maxr 0ji ] x x # = -H"(£o> z o)- Then zo £ X \ E and at (to, zq), there exist aj, C3 and 
C4 such that 

*r Ww W<^ ^— ^ Alog— + C 3 <C,\S^ . 

Applying the mean value inequality and Lemma 13.91 there exist a 2 and C5 

tr$(u) S}WjJ .) < C5 1 S*£ | h ^ Q2 . 
Therefore H(to, zq) is uniformly bounded from above. The lemma then follows easily. 

□ 

The following proposition gives a uniform bound for the approximating Kahler metrics ui s>wr 
away from E. 

Proposition 3.4 For any T £ (0,Tq), K CC X \ E and k > 0, there exists Ck,K,T such that 

Wc k {[0,T]xK) < Ck,K,T- 

Proof The proof follows from standard Schauder's estimates. 

□ 

Our goal is to construct a solution by the approximating solutions <p s ,w,r- 
Lemma 3.11 The following monotonicity conditions hold for (p s , w ,r- 
1. For any < r\ < r 2 < 1 and s,w £ (0, 1] , 
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2. For any < W\ < W2 < 1 and s,r£ (0, 1], 

3. For any < s\ < s% <1 and w,r £ (0, 1], 

Proof The proof is a straightforward application of the maximum principle. 

□ 

Fix T £ (0, To), for each i £ [0, T], let 

¥>s,to(V) = (limsup^ S)lU)f .(t, •))* 

r-»0 

where /* (z) = lim^ sup Bi(z) /(•)• Then ^ £ w M )nL°°(I)n(7 M (I\£) and cp s>w>r 

converges to (p s , w on X\E locally in C°°-topology by estimates from Lemma f3.8l and Proposition 
13.41 The following monotonicity also holds and follows easily from the above results. 

Lemma 3.12 For any < s\ < S2 < 1 and w £ (0, 1], 
Also for any < w\ < u>2 < 1 and s £ (0, 1], 

Furthermore, for any T £ (0, To), K CC X\E and k > 0, t/iere exists Ck k T > suc/i t/iai on 
[0,T], 

I |ys,tu| \c k (K) — Cx,k,T- 



Let 



<p s (i, •) = lim <p s w (i, ■). 

to— >0 



Then <^ s £ PSH(X,u tjS ) n L°°(X) n C°°(X \ fj) and <£ S)M converges to 93 s on X \ E locally in 
C°°-topology. 

Lemma 3.13 For any < s\ < S2 < 1, 

Furthermore, for any T £ (0, To), if CC X \ E and k > 0, there exists Cx,k,T > swc/i £/ia£ 
sitc/i i/iai on [0, T], 

\\<Ps\\c k (K) ^ C K .k,T- 

Let 93 = lim s _>o W Since 92 s is decreasing as s — > is and <p s is bounded below uniformly, 
we have 

v?£ PSi?(i,w t)0 )nL oo (i)nc oo (J\£). 

Furthermore, for any K CC X \ E, 

in C°°([0, T] x if). The following corollary is then immediate. 
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Corollary 3.1 <p satisfyies the following Monge-Ampere flow 

on [0, T] x (X \ E) 



dip (u t + \^lddf) r 

^ = log n 



(3.23) 



, <p{0 t - 



on X. 



In order to prove the uniqueness of the solution of the Monge-Ampere flow (|3.23p , we consider 
a family of new Monge-Ampere flows with one more parameter. 

Let (Jfl = (1 — 5)luq + t\ + s"d = u>t )S — 5ujq. Then for fixed T G [0, To), there exists 5o > 0, 
such that (1 - 5)u + tx>0 for all t G [0, T] and 5 G [S , 5 }. 

The following family of Monge-Ampere flows admit smooth solutions in C°°([0, T] x X) 







-isa^, r ) n 



k ¥>if™,r(0, •) = (!- S)(p , 
Obviously for s,w,r G (0, 1], tp{%, r is a smooth family in 5 and 



(3.24) 



in C°°-topology. 



Lemma 3.14 For any T G (0, To), there exist C and 8q > suc/i i/iai /or s,w,r G (0,1], 
t G [0,T] and 6 G [-5 ,*o], 



d 



c\o g \s^-c <-^ r <a 



<9<5' 

Proof Let A.s% >r be the Laplace operator with respect to u)s% >r = <^ts + 



-lddip. 



Notice 



that ^-in iS) 



-ipo when t = and 



(|- A a.r)(^a,r)=-*r uJ5ijp M<o. 



It is easy to see that Jy^sf^r is uniformly bounded above by the maximum principle. By the 
similar argument as before, (pi°w >r is bounded in L°°(X) uniformly in s,w,r,6 and t G [0,T]. 

Consider H = e~ A2t -^(p^s}w,r + A 2 ^s}w,r — A log \S^\\ H \s uniformly bounded when t = 0. 
There exist constants C\, C%, C3 and C4 > such that 

= ^&,r + ^(^{J - Affic(^) - e"^ ) - nA* - AV^W 



> log 



> log 



a. 



+ d tr (,) (J t 5) s ) - A Z H - A" log |Sd? ~ C2 



(J 5) )" 
\yJs,w,r ) 



a. 



K2) 
> -A 2 ir-C 4 . 



A 3 log|^| 2 A 2 ^-C 3 
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Therefore H is uniformly bounded from below by the maximum principle and the lemma 
easily follows. 

□ 

By the same argument as for 5 = 0, for s,5 G (0,1], lim^^o ( nm sup r ^ ipi% t r)* exists on 
X \ E and there exists <p£ 5) G L°°([0, T] x X) Pi C°°([0, T]xl\£) such that 

<p(f>= limflimsup^)* 
and it satisfies the following Monge- Ampere equation 



—y°> = log ■ , onX\E 

dt n (3.25) 

<4 5) (0, •) = (!" %Q- 



Let 



= lim <pW 



as cpi S) is decreasing as s -> 0. Then <p( 5 ) G L°°([0,T] x X) n C°°((0,T] xl\l) solves the 
following Monge- Ampere equation. 

94 fi (3.26) 

^)(0,-) = (l-%o, 

where uf = ojfl = (1 — S)ujq + t\- 

Lemma 3.15 For any T G (0,Tq), there exist C and So > such that on [0, T] x X, for all 
s G (0, 1] and 5i,5 2 G [So, So], 

_ ^ 2 )| < c]Sl _ j 2 | (1 _ log | 5 ^|2_ ); (3 27) 

and so 

_ ^ 2 )| < _ 52 | ( i _ log |^|^) (3.28) 
Proof This is an immediate result of Lemma 13.141 by letting w,r — > and then s — > 0. 

□ 

Corollary 3.2 For any T G (0, To) and FT CC X \ E, <p( S ' converges to ip uniformly in 
L°°([0,T] xK) as 5^0. 

Proof By Lemma 13.151 tpSp is uniformly Lipschitz in 5 on K and s G [0,1). The corollary 
follows easily by letting 5 — > 0. 

□ 
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Now we are able to prove our main result for the existence and uniqueness of the Monge- 
Ampere solution. 

Proof of Theorem 13721 

For any T £ [0, To), Corollary 13.11 gives the existence of the solution for the Monge- Ampere 
flow (|3.17p . By Lemma [3791 |^ is integrable and so ^ = log ( Wt+ ^~-^ddv) ag distributions. Now 
it suffices to prove the uniqueness for the solution on [0, T] x X for any < T < T . 

Suppose there is another solution ip' satisfying the Monge-Ampere flow (|3,17p such that 
ip' £ C°°([0, T]) xX\E) and tp(t,-) £ PSH(X, uj t ) H L°° (X) for each t £ [0,T]. 

First, we show that 

<ft < (p. 

Let tp Sje = <Ps ~ <f' ~ es\og\S^? h - for sufficiently small e > 0. Then £ C°°([0,T] X (X \ E)) 
and 



TT-Ws,e = lor 



n 



Suppose ip s ,e(t, z m i n ) = minx ips,e{t, •)■ Then z m j„ E X \ E since both y? s and £ L°°(X). If 
we choose e sufficiently small, then by the maximum principle, 

9 . . . . (Wt(t, £ min ) + y/^lddip'(t, Z min ) + V-lddlp s e (t, Z min )) n 

— yi s e (t, Z m i n ) > log -j^=r= > 0. 

dt ' [Ut(t, Zmin) + V-lc%>'(t, £ TO m)) n 



Note that ^ S)£ (0, •) = — eslog|5^|^. > and so 

*/V > 

for any e sufficiently small. Therefore by letting e — * 0, we have 

</>' < 

and so 

ip' < ip 

by letting s — > 0. 

In order to prove <p < <p' , we let 

^ = ^-</)-£ 2 log|S^. 

At t = 0, w a = <fy> - £ 2 log |5g || „. 

Suppose v$(t, Zmin) = minx vg(t,-). Then z m i n £ X\E since both ^ and ^ £ L°°(A). 
By the maximum principle, if we choose 8 sufficiently small, then at (t,z m in), 



^ = log — 



(5) 



+ 



-ldd^ 5 ) + <5(cj - 5Ric{h^)) + y/-Lddv s ) n 



> lot 



> 0. 



(A" + 
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Therefore 



2 



v s > inf v s {0, •) > Smf(p - 5 log \S^\ h j, 

XX & 



and so we have for t E [0, T], 

<p® + <5in% - 5 log \S M \ 2 h ) + «5 2 log <<p'<<p. 

x & & 

For any K CC X \ E, there exists a constant Ck > such that 

\<pW -<p\< C K 5 

for sufficiently small 5 > by Lemma 13.151 . 
Therefore on K, 

ip' > ip + 5ini{ipo - 5 log \S^\ 2 h ) - C K S. 

X & 

Letting 5 — > and then K — > X \ E, we have on X \ B, 

V?' > 

Therefore we have proved the uniqueness of the solution on [0, T] x X. The theorem is proved 
by letting T — > To. 

□ 

3.3 Monge- Ampere flows with rough and degenerate initial data 

In this section, we will generalize Theorem 13.21 for Monge- Ampere flows with rough initial data. 
The main result will be applied to the Kahler-Ricci flow on singular projective varieties with 
surgery. 

Let X be an n-dimensional projective manifold. Let L\ and L2 be two holomorphic line 
bundles on X satisfying Condition A along with luq £ c\(L\) and x £ c\{L2) being smooth 
closed (1, l)-forms. Let (] be a non-negative (n,n)-form on X satisfying Condition B. Let 

psH p (x,iu ,n) = {ip £ psh(x,lu ) n l°°(x) 1 ("o + v^iaa?)" g LP ( X ,n)} 

for p > and 

To = sup{i > I L\ + tL2 is semi-ample}. 

Since L\ is big and semi-ample, we denote Exc(L\) be the exceptional locus for the linear 
system |mLi| for sufficiently large m. Without loss of generality, we can assume that E as 
defined in Section [3721 contains Exc(L\). 

For any po G PSH p (X, uj$, fi) for some p > 1. We define the non-negative function F by the 
following Monge- Ampere equation 

(uj + V^lddp ) n = Fe' Po 9. (3.29) 

Lemma 3.16 Let Q be a smooth volume form on X and F = ( UJ o+\/^iddtpo) ^ Then there exists 
p' > 1 such that 

FeL p '(X,Q). (3.30) 
Proof The lemma is easily proved by Holder's inequality and the fact that po £ L°°(X). 

a 
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There exist a family of positive functions {-Ps} s g(o,ii such that F s £ C°°{X) and 

\im\\F s -F\\ Lpl{xn) =0. 

We let Fq = F and then consider the following Monge- Ampere equations 

(u + sti + V^lddcp (0>s) ) n = F s e^Q (3.31) 

and 

(too + sti + V=ldd<p {atj) ) n = F s+1 e^» 9 (3.32) 

Obviously, <£( 0)S ) G C°°(X) and 0^ r ) £ C°°(A") by Yau's theorem |Y2] for s > and 7 > 0. 
Furthermore, both | |<^o,s| Il°°(Js:) an d | |^o,s| \l°°(x) are uniformly bounded for s £ [0,1]. 

Lemma 3.17 There exists a decreasing function ^i(s) > /or s > wifft lim s ^o n( s ) = suc/i 

\\<P(0,s) - ^o||l°°(X) < M( s )- ( 3 - 33 ) 

In particular, 

J™ ll^(o, s ) - yo||L°c(x) = 0. (3.34) 

Proof Notice converges to -F uniformly in L P '(X, Q). The lemma follows by combining the 
proof of the stability theorems for degenerate Monge- Ampere equations in [Ko2] and [DZJ (sec 
Theorem 

□ 

Lemma 3.18 There exists C > such that 

0(0,8) < <P(o,s) < 0(0,3) + Cs(l - log \S^\l_). (3.35) 
Proof First let tp + = V(o,s) ~~ fi(o,s) ~ l°g l^slft- ^ or sufficiently large m > 0. Notice that 



^o, a eC°°(X\ £) for s > 0. Then 



(up + V=ldd<p {0>s) + (sfl - s^Rjcjh^ + ^a^+)" = ^+ +S "Mo g |s^. < ^+ 
(w + \/ z Tda<£(o, s )) n 

Note that si? — s m Ric{hg) > for m » 1. By the maximum principle, i/> + > and so 
^(o,s) + s?Tl 1°§ l^lft - — ^(o,s)- Then by letting m — ► 00, we have 

<fO,s < VO.s- 

Now we will bound </>(o,s) from above. Let ip~ = 1+ ^ s y(o,s) ~~ ^(o,s) + ^4-slog l^l^- • Then 
(1 + A 2 s) n (u; + ^Idd^s) - (tt^^o - j^-J ~ AsRic(hz)) + V^ldd^)" 



(u + y/^lddipfp^y 
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Note that dr^l^ o — i+a^s ^ ~ AsRic(hg) > for A >> 1 and s > sufficiently small. By 
the maximum principle, 



A 2 s 



ij; < nlog(l + A s) + - A2s \\<P( 0t s)\\L°°(X)- 
Therefore V?(0,s) — <^(o,s) + — As log |<S'^|^. for some C > 0. 



□ 



Corollary 3.3 Let •& be a Kahler form on X. Then for s > 0, there exists (fo, s £ PSH(X, ujq + 
si?) n C°°{X) such that for any K CC X \ E 

l™ | |V?( , S ) - Po|U°°(K) = °- ( 3 -36) 
Lemma 3.19 There exist 70 > and C > such that for < 7 < 70, 

\<P(o, s +j) ~ <P(o,s)\ < C7(l - log \S%\h s ) + C ^( s + 7)- (3-37) 

Proof Notice that 

1^(0,8+7) - V(0,s)l = 1^(0,8+7) - 0(s,7)l + 1^(0,8) - ^(s,7)|- 

By the same argument as that in the proof of Lemma 13.181 there exists C > such that 

\<P(0,s+y) -£(«,7)l - ^(1 — log l^l^). 

Applying the family version of the stability theorem, there exists C > such that 

1 

ll^(0,s) - <£(s,7)IU°°(X) < C||-Fs+7 ~~ F s\\Ll(X,n)' 

The Lemma then follows from the above estimates. 



□ 



Consider the following family of Monge- Ampere equations. 



log 



<9i 0^ 

¥>sfl,r(0, •) = (1- £)<P( 0)8 ), 



(3.38) 



where = (1 — <5)cjo + *X + s$ is defined as in Section | 

For any T S [0, To), there exists So > such that for 5 G [So, So], the equation (13. 38ft admits 
a smooth solution on [0, T] x X as shown in Section [3.21 We will then fix such T and So. 

Lemma 3.20 There exists C > such that for s, w, r £ (0, 1] and S £ [So, So], 

lbS,r(* 5 -)IU-([o,nxX) <C (3.39) 
Proof It can be proved by the same argument as that in the proof of Lemma 13.81 

□ 
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Lemma 3.21 There exists C > such that on [0, T] xX , for all s, w,r 6 (0, 1] and 5 £ [So, 5q], 

-C< Up®, < C. (3.40) 

Proof The upper bound can be proved using the same argument as that in Lemma 13.21 by 
applying the maximum principle on 

H + = tl u{S) _ (8) 

In order to prove the lower bound. We consider the following family of Monge-Ampere 
equations 



where A swr = — an d sup-v- 4>s w r = 0. Then A swr is uniformly bounded from above and 
below for s, w and r G (0, 1]. As A S;WjJ .Q W)r is uniformly bounded in L P (X, 0) for some p > 1, 
<fis,w,r uniformly bounded in L°°(X) for s,w,r £ (0, 1]. 
Let 

H = tip^ W)T + A 2 ip^ W)T . — Acj) s 2^ w ^. 

Let Ag^,r- be the Laplace operator associated to Us% r - Then there exist Ci, C*2 and C3 > 
such that 

{ dt 



= ir w (A 2 u;g + t x + AV=lddfo t1B>r ) + (A 2 + - A 2 n 

> ir (4) (Aw 0jS 2 + Ay/=ldd(f> s 2 iW „) + (A 2 + l)^g> - A 2 ~ 



n 



1 



r2 7, 



> Q, -C 3 



> -c 3 



(5) 

s,w,r 



Applying the maximum principle, iJ is uniformly bounded from below since both tp, 
and <^ SjU , ir are uniformly bounded in L°°(X). We are done. 

□ 

We have the following volume estimate. 

Corollary 3.4 There exists C > such that on [0, T] x X, for all s, w,r £ (0, 1] and 5 £ 
[-5 , 5 ] } 

— S. , (^s 11) r) , <2 /o 

e * < ' < e * . (3-41) 

Lemma 3.22 There exist a > and C > snc/i i/iai on [0, T] x A, /or a// s ; w ; r £ (0, 1] and 
<5€[-5 ,*o], 

trM%,r)<C\Sz\- 2 f. (3.42) 
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Proof Define 

H = t]ogtrt(ul% tr ) - A 2 <pW, + Alog\S £ \ 2 h _. 

By applying (J^ — A^> )r ) to .ff, the lemma follows from the maximum principle applied to 
(§t — Af wr )H and the similar argument in the proof of Lemma 13.31 

□ 

Lemma 3.23 For s G (0, 1] and 5 G [-<5 , do], # G C°°((0, T] x X \ E). 

Proof The lemma follows from the standard argument combined with the C 2 -estimate. 

□ 

Obviously for s,w,r G (0, 1], (ps%, r is a smooth family in 5 and 



in C°°-topology. 

For each s G (0, 1], let 



and 



hWhmsup^)* (3.43) 
V9 S = lim w w = lim (3.44) 



Lemma 3.24 There exist constants C and Sq > suc/t i/tcrf /or s,w,r G (0, 1], i G [0,T] and 
5 G [-5 , S ], 

C\og\Sz\l,-C<^X >r <C. (3.45) 
Proof The lemma can be proved by the same argument in the proof of Lemma 13.141 

□ 

Lemma 3.25 There exist 5q > and C > such that for s G [0, 1] and < 5 < 5q 

^ <tp s+s z-5 2 log\Sx\ 2 h -+C( f ,(s + 5) + 5). (3.46) 

Proof Let V>5 = fs+ss ~ <Ps* ~ S 2 log \S%\1 + A(p(s + 5) + 5). 
Then for each t G (0, T], at the maximal point of ijjg, 

d , , (U S) + yZ-LddipP +5(tu + S 2 ^-5Ric(hp)) + s/Sdd^s) 71 

-tp S = log- 



94 " (CU^ + y/S-dSip^Y 

> lo + Jsddt$_ ] + V=idfoi>s) n 

> o, 

for sufficiently small <5 > 0. 
For sufficiently large A > 0, 

V><5|t=0 = <P(0,s+83) - (1 - ^Vco.s) - ^ 2 k>g IS'eIL + + 7) + A<5 > 0. 



Therefore f/^ < on [0, T] x X by the maximum principle. 



□ 
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Lemma 3.26 There exist 5q > and C > such that on [0, T] xX , for s G [0, 1] and < 5 < 5q, 

<P®p <^s-5 2 log \S g \ 2 h . + C(fx(s + 5)+ S). (3.47) 

Proof Let V>5 = <p®p - <p B + $ 2 log |5^|^ - A(n(s + 5) + 5). 
Then for each t E (0, T], at the minimal point of 

d (w s + ^f-Lddip s - (Su - 5 3 $ - 5 2 Ric{h^)) + ^lddip 5 ) n 

(u s + ^/^T<95</? s )« 

for sufficiently small <5 > 0. 
For sufficiently large A > 0, 

Vtt|t=o = (1 - <%(o, s +«53) - ¥>(o, s ) + 5 2 log - A(/z(a + 5) + 5) <0. 

Therefore < on [0, T x X] hy the maximum principle if 5 > is sufficiently small. 

□ 

Then we can show that { ( fs} s &(o,i] I s a Cauchy family in L°°([0, T] x JT) for any compact 
subset in X \ E. 

Lemma 3.27 On any K CC X \ E, 

lim \\(Pai- <P8 a \\L°°([0,T\xK) = 0- ( 3 - 48 ) 

81)88— *0 

Proof Assume 5 = S2 — s\ > 0. Then on [0, T] x if, by Lemma 13.241 and Lemma 13.251 there 
exist C and C > such that 

^ < ^f /3) + C«5V3 < ^ - ?/* log ^ + c(Ms + 5 i/ 8) + 5 i/ S) 

and 

^ > rff5+^ /3 log|^|^-C( / ,( S + ^3 ) + 5 l/3 ) 

> + 5 2 / 3 log - C'( M ( S + 5 1 / 3 ) + o^ 3 ). 

The lemma follows immediately by letting s± and S2 — » 0, 5 — » 0. 

□ 

Proposition 3.5 For any c^o £ PSH p (X,ujq,^1) for some p > 1, there exists a unique ip £ 
C°°((0,To) x (X\E)) with if <(t,-) G PSH{X,Uq + tx) fl L°°(X) /or eac/i i E (0,T ) such that 

L = log (^o+tx+^T^)" on (o,T ) xX\F. 

2. /or any KccX\E, lim t ^ - ||^(t, •) - ^o(0IU-(x) = 0- 

3. | M |l°°((o,t]xX)) *s bounded for each T < Tq. 
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Furthermore, for any T £ (0,Tq), there exists C > such that on [0, T] x X, 

.-¥<faLt£+j/Ejggg<.¥. (3.49) 

Proof It suffices to show (2) and the volume estimate. On any .fT CC X \ E, 

\\<p(t,-) - <Po(-)\\l°°(k) 
< \\<P(t,-) - <p a (')\\ L °°(K) + WPsit,-) ~ ¥>(0 >S )(-)IU°°(i<:) + ll^(0,«)(-) - <Po(')IU°°(#) 



For any e > 0, let s be sufficiently small such that 

\\(p(t,-) - ¥s(-)\\l°°({0,T\xK) < e 

and 

I|V(0,*)(0 - W)(-)IU»(JO < e - 
Fix such s. There exists to > such that 

\\tp s (t, •) - ^(0,s)(-)llL oo ([0,t ]xE') < e - 

Therefore lim t _ - lll(V) ~ <f o (') 1 U°° (if) = 0. 

The volume estimate f|3.49j) follows from (|3.4ip by letting s, w, r and o" — ► 0. 

□ 

Theorem 3.3 Let X be an n- dimensional algebraic manifold. Let Li and L2 be two holomorphic 
line bundles on X satisfying Condition A and loq £ c\{L\) and x £ c i(-^2) are smooth closed 
(1, 1) -forms. Let Q be an (n,n)-form on X satisfying Condition B. Let 

T = sup{t > I L x + tL 2 > 0}. 

Then for any <pq £ PSH p (X,uJo,Q) for some p > 1, there exists a unique if £ C°([0, To) x 
X \ E) n C°°((0,T ) x (X \ E)) twtfr •) £ PSH{X,uj + t X ) n L°°(X) /or eacft 4 £ [0,T ) 

1. ge = log ("o+tx+^a^)" on ( ,T ) xl\B, 

2. v 3 U=o = ^0 on X. 

Furthermore, for any T £ (0,To), i/iere exists C > sitc/i t/iat on [0, T] x X ; 

_c (wo + tx + V^lddip) 11 c 
e t < — <et. (3.50) 

Proof It suffices to show the uniqueness of the solution ip and it can be proved by the similar 
argument for the proof of Theorem 13.21 

□ 
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4 Kahler-Ricci flow on varieties with log terminal singularities 

4.1 Notations 

Let X be a Q-factorial projective variety with at worst log terminal singularities. We denote 
the singular set of X by X s i ng and let X reg = X \ X s i ng . Let tt : X — ► X be the resolution of 
singularities and K x = tt*Kx + a i^i where E{ is the irreducible component of the exceptional 
locus Exc(ir) of tt. Since X is log terminial, a% > —1. 

Since Kx is a Q-Cartier divisor, there exists a positive m G Z such that mKx is Cartier. 

Definition 4.1 17 is said to be a smooth volume form on X if Q is a smooth (n,n)-form on X 
such that for any z £ X , there exists an open neighborhood U of z such that 

^ = /[/(aAa)™, 

where fu is a smooth positive function on U and a is a local generator of mKx on U. 

On each U, ^—Idd log(a A a) = on U and \J — ldd log fu is a well-defined smooth closed 
(1, l)-form on U if we extend fu in the ambient space of U. Then x = V~ ^-98 log f2 is a well- 
defined smooth closed (1, l)-form on X, furthermore, x £ [-^x]- We can then define Ric(£l) to 
be x = V~ ldd log /i^, where hn = ft" 1 defines a smooth hermitian metric on Kx- 

After pulling back 0, by the resolution tt, tt*Q is then a non-negative (n,n)-form on X. In 
particular, ir*Q has zeros or poles along the exceptional divisor Ei of order \a{\ and 

tt*x = Ric(iT*h n ). 

Let D be an ample divisor on X such that 

lod = Ric(hn) = — V— !<9<91og hjj > 

where ho is a hermitian metric equipped on the line bundle associated to D. 

Let l : X — > CP^ be any imbedding of X into a projective space and ujq be the pullback of 
a smooth Kahler metric from CP N in a multiple of the Kahler class 0(1). Then ojq is a smooth 
Kahler metric on X. Since [7r*a;o] is the pullback of an ample class on CP^, it is a big and 
semi-ample divisor on X . By the Kodaira's lemma, there exists an effective divisor E on X such 
that 

[tt*wo] - e[E] 

is ample for any e > sufficiently small. Furthermore, since X is Q-factorial, we can assume by 
Proposition 12. II that the support of E is contained in the exceptional locus of tt. There exists a 
hermitian metric equipped on the line bundle associated to E such that for sufficiently small 

e > 0, 

tt*u!q — eRic(hfi) > 0. 
Let Sd and Sg, be the defining section of D and E. 

Definition 4.2 Let X be a Q-factorial projective variety with log terminal singularities and H 
be a big and semi-ample Q-divisor on X. Let u>o £ [H] be a smooth closed (1, l)-form and fl a 
smooth volume form on X . We define for p G (0, oo], 



PSH p (X,u ,n) = {ip£ PSH(X,Lo )nL co {X) I (^o + V^lggyr £L p (X,n)}. (4.1) 
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and 

K H , P (X) = Wo + \/^ldd(p | if G PSH p (X,lj ,Q)}. (4.2) 

The definition of K,u,p(X) does not depend on the choice of the smooth closed (1, l)-form 
Uq G [H] and the smooth volume form Q. 

We define the following notion of the weak Kahler-Ricci flow on projective varieties with 
singularities. 

Definition 4.3 Let X be a Q-factorial projective variety with log terminal singularities and 
ojq G [H] be a closed semi-positive (1,1) -current on X associated to a big and semi-ample Q- 
divisor hi on X. Suppose that 

T = sup{t > | H + tK x is nef } > 0. 

A family of closed positive (1, l)-current tu(t, ■) on X for t G [0,To) is called a solution of the 
unnormalized weak Kahler-Ricci flow if the following conditions hold. 

1. uo G C°°((0, To) x X \ D), where D is a subvariety of X. Let ut G [H + tKx] be a smooth 
family of smooth closed (1, l)-forms on X for t G [0, To). Then u> = Cot + y/—ldd(p for 
some ip G C ([0,T ) x X \ D) n C°°((0, T ) x X \ D) and ip(t,-) G PSH(X, Cj t ) n L°°(X) 
for allte [0,T ). 

2. 

' -£ = -Ric(uj), on (0,T )xX\D, 

< dt (4.3) 
lj(0, ■) = ujq, on X. 

In particular, when H is ample, To is always positive and X \ D = X reg . 

We would like to prove the existence and uniqueness of the weak Kahler-Ricci flow on singular 
varieties if the initial metric satisfies certain regularity conditions. 

The following theorems are well-known as the rationality theorem and base-point-free theo- 
rem in the Minimal Model Program (see [KMM], [D]). 

Theorem 4.1 Let X be a projective manifold such that Kx is not nef. Let H be an ample 
CI- divisor and let 

A = max{t G R | H + tK x is nef }. (4.4) 

Then A G Q. 

Theorem 4.2 Let X be a projective manifold. Let D be a nef Q\- divisor such that aD — Kx is 
nef and big for some a > 0. Then D is semi-ample. 

4.2 Existence and uniqueness of the weak Kahler-Ricci flow 

Let X be a Q-factorial projective variety with log terminal singularities. Let H be an ample 
Q-divisor on X, loq G [H] be a smooth Kahler metric and SI be a smooth volume form on X 
and x = ^f—ldd log Q. 

Consider the ordinary differential equation for the Kahler class defined by the unnormalized 
Ricci flow on X 
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dt 



be] = [Kx], 
= N] = [H]. 



(4.5) 



Then 



Heuristically, if the Kahler-Ricci flow exists for f G [0, T), the unnormalized Kahler-Ricci flow 
should be equivalently to the following Monge- Ampere flow 



dip (u)Q + tx + \/ 

m =log ^T" 



(4.6) 



0. 



Let 7T : X — > X be the resolution of singularities as defined in Section In order to define 
the Monge- Ampere flow on X, one might want to lift the flow to the nonsingular model X of 
X. However, ujq is not necessarily Kahler on X and 0, in general vanishes or blows up along 
the exceptional divisor of tt on X unless the resolution n is crepant, hence the lifted flow is 
degenerate near the exceptional locus. So we have to perturb the Monge- Ampere flow (|4.6p and 
obtain uniform estimates so that the flow might be allowed to be pushed down on X. 

Let 

To = sup{i > | [ut] is nef on X} = sup{t > | H + tKx is nef on X}. 

Then for any t G [0, To), [ut] is ample and To > is a rational number or To = oo by the rational- 
ity theorem 14.11 The base-point-free theorem 14.21 implies the following important proposition. 

Proposition 4.1 When Tq < oo, H + TqKx is semi-ample. 

Theorem 4.3 Let ipo £ PSH p (X,lvo,£1) for some p > 1. Then the Monge- Ampere flow on 
X\E 



dt 



log 



(4.7) 



has a unique solution (p £ C°°((0, T ) x X \ E) n C°([0, T ) x X \ E) such that for all t G [0, T ), 
(f(t,-) G L°°(X) Pi PSH(X, TT*uJt). Furthermore, (p is constant along each connected fibre of 
it, hence <p descends to a unique solution cp G C°°((0,To) x X reg ) n C°([0, To) x X reg ) of the 
Monge-Ampere flow (Jlfy such that for each t G [0,T ), ip G PSH(X,u t ) n L°°(X). 

Proof Since [vr*u;o] corresponds to a big and semi-ample divisor on X and [7r*u;o] — e[7r*x] 
is also big and semi-ample for sufficiently small e > 0. The adjunction formula gives K x = 
ir*Kx + Yli a iEi + Ylj Fj, where Ei and Fj are irreducible components of the exceptional locus 
with Gtj > and bj > —1. Note that vanishes only on each Ei to order a» and 7r*0 has 
poles along those Tj with b{. Then vt*cjo, tt*x an d 7r *^ satisfy Condition A and Condition B. 
Furthermore, TT*ipo £ PSH p (X, tt*ujo, vr*f2) and so the assumptions in Theorem 13.31 are satisfied. 
The first part of the theorem is then an immediate corollary of Theorem [ 
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The singular set E can be chosen to be contained in the exceptional locus Exc{ir) of it, since 
X is Q-factorial. Also <p must be constant along each component of Exc(tt) as [vr*u;t] is trivial 
along each component of the exceptional divisors. So it descends to a function in PSH(X,uJt) 
on X. 

□ 

Theorem 4.4 Let X be a Q-factorial projective variety with log terminal singularities and H 
be an ample Q-divisor on X . Let 

Tq = sup{i > | H + tKx is nef }. 

If ojq £ ICh, p (X) for some p > 1, then there exists a unique solution uj of the unnormalized weak 
Kdhler-Ricci flow for t £ [0, To). 

Furthermore, if Q is a smooth volume form on X, then for any T £ (0, To), there exists a 
constant C > such that on [0, T] x X . 

e'TQ < u n < effi. (4.8) 

Proof It suffices to prove the uniqueness as the existence and the volume estimate follow easily 
from Theorem 14.31 and Theorem 13.31 

Let oj t = uj + tx and then u = u t + y/^Tddip with ip £ L°°(X) n C°°(X \ E). Then the 
Kahler-Ricci flow is equivalent to the following equation 

^- log r7j=°< onjt \* (4Q) 
p(o,0 =o. 

Let F = ^tp - log Then F £ C°°(X \ E) and y/^lddF = on X \ E. 

Since X is Q-factorial, vr*[a;o] — e[Exc(ir)] is ample for e > sufficiently small. So we can 
choose E to be contained in Exc(tt). Hence F descends to X reg and \/—lddF = on X reg . For 
each t £ (0, To), F is smooth on X reg , therefore F is constant on each curve in X which does 
not intersect X s i ng . On the other hand, for any two generic points z and w on X, there exists 
a curve joining z and w without intersecting X s i ng since codim(X s i ng ) > 2. So F(z) = F(w) as 
F is constant on C. Then F is constant on X reg since F is continuous on X reg . 

By modifying ip by a function only in t, ip would satisfy the Monge- Ampere flow (|4.7p . The 
theorem follows from the uniqueness of the solution ip. 

The volume estimate also follows from Theorem 13.31 

□ 



We immediately have the following long time existence result generalizing the case for non- 
singular minimal models due to Tian-Zhang [TiZhaJ. 

Corollary 4.1 Let X be a minimal model with log terminal singularities and H be an ample 
Q-divisor on X . Then 

To = sup{t > | H + tKx is nef } = oo 

and the unnormalized weak Kdhler-Ricci flow starting with loq £ JCh, p (X) for some p > 1 exists 
fort £ [0, oo). 
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4.3 Kahler-Ricci flow on projective varieties with orbiforld or crepant singu- 
larities 

Given a normal projective variety X, very little is known how to construct "good" Kahler metrics 
on X with reasonable curvature conditions. In general, the restriction of Fubini-Study metrics 
wps on X from ambient projective spaces behaves badly near the singularities of X. Even the 
scalar curvature of lofs would have to blow up. In particular, u n is not necessarily equivalent 
to a smooth volume form on X. For example, let X be a surface containing a curve C with 
self-intersection number —2 and Y be the surface obtained from X by contracting C. Then Y 
has an isolated orbifold singularity. Let w be a smooth Kahler metric and Q a smooth volume 
on Y, Then %r = at the orbifold singularity. It tells that one should look at the category of 
smooth orbifold Kahler metrics on Y instead of smooth Kahler metrics from ambient spaces. 

As it turns out, the Kahler-Ricci flow produces Kahler currents whose Monge- Ampere mass 
is equivalent to a smooth volume form on singular varieties by Theorem 14.41 It is desirable that 
the Kahler-Ricci flow indeed improves the regularity of the initial data. In the case when X 
has orbifold or crepant singularities, we show that at least the scalar curvature of the Kahler 
currents are bounded. In particular if X has only orbifold singularities, the Kahler-Ricci flow 
immediately smoothes out the initial Kahler current. 

Theorem 4.5 Let X be a Q-factorial projective normal variety with orbifold singularities. Let 
H be an ample Q-divisor on X and 

To = sup{i > | H + tKx is nef }. 

If Uq £ 1Ch,p(X) for some p > 1, then there exists a unique solution to of the unnormalized weak 
Kahler-Ricci flow for t £ [0, To). 

Furthermore, u(t, •) is a smooth orbifold Kahler-metric on X for all t > and so the weak 
Kdher-Ricci flow becomes the smooth Kahler-Ricci flow on X immediately when t > 0. 

Proof X is automatically log terminal under the assumptions in the theorem if it only admits 
orbifold singularities. The theorem can be proved by the same argument as in Theorem 13. 1[ We 
leave the details for the readers as an exercise. 

□ 

Theorem 14.51 can also be applied to the Kahler-Ricci flow on projective manifolds whose 
initial class is not Kahler. 

Theorem 4.6 Let X be a smooth projective variety. Let H be a big and semi-ample Ql-divisor 
on X . Suppose that 

To = sup{t > | H + tKx is semi-ample } > 0. 

If £ Kh, p (X) for some p > 1, then there exists a unique solution to of the unnormalized weak 
Kahler-Ricci flow for t £ [0, To). 

Furthermore, for any t £ (0,Tq), there exists C(t) > such that the scalar curvature 
S(u(t, •)) is bounded by C(t) 

\\S(co(t,-))\\L~ { x)<C(t). (4.10) 
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Proof Let fi be a smooth volume form on X and x = ^/—lddlogO,. Let i? be a Kahler form 
on X. Suppose that ujq = uj'q + \/—ldd(j), where uj' G [H] is a smooth Kahler current and 
4> G PSH p (X,Lo' ) for some p > 1. We consider the special case of the Monge- Ampere flow 
([338]) by letting 5 = w = r = and ^ s = co' + si? + i*. 

-^=log ^ , ¥>s|t=0 = ¥>(0,«)- I 4 - 11 ) 

In fact, equation (|4.1ip is equivalent to the unnormalized Kahler-Ricci flow on X starting 
with ujq. Furthermore, (p s (t,-) is smooth for t G (0, To). Let u) s (t,-) = u[ s + \J — lddtp s . Then 
for t > 0, 

— = -Ric(uj s ) 

and so 

■t^S(uj s ) = A s S(oj s ) + \Ric(oj s )\ 2 , 

where A s is the Laplace operator associated to u s . 
Since 

- A a )tS(£ fl ) = 5(£> a ) + t|^c(J) s )| 2 > S(Cu s ) + -5(cD s ) 2 . 
at n 

The maximum principle immediately implies that tS(oj s ) is bounded from below on [0, To) x X 
uniformly in s G (0,1]. By letting s — > 0, tS(u>(t,-)) is uniformly bounded from below on 
[0,T )xX. 

Now we will prove the upper bound for S(u>). 

Claim 1 For any < to < T < Tq ; there exist A and B > such that for all s G (0, 1] and on 
[t ,T]xX, 

(^ - A s )tr„M) < Mtr&M)? ~ B\V s tr*M)\ 2 , (4-12) 

(^ - &,)trs,M + T X ) < A(tro.(4 + T X )f ~ B\V Str&M + T X )\ 2 , (4.13) 
where V s is t/ie gradient operator associated to lu s . 

Claim 2 Tor any < to < T < To, There exists C > suc/i t/taf for all s G (0,1] and on 
[t ,T)xX, 

0<troM,o)<C (4.14) 
In particular, there exists C > such that 

< tr Qs (4) < C, - C < tr , (x) < C. (4.15) 
Straightforward calculations show that 



( 



d 



dt 

-iv,v 



A S )(|V 
dp> 



dp> 



s \2\ 



Ot 



s i2 



at 



iv, v. 



"at 



s i2 



+ (V s *ra>.(x)-V 



' at 



+ v, 



a^s 
at 



V s tr^ s (x)) (4.16) 
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and 

<L - A )A ^ - -IV V ^l 2 - oVy - (4 17) 

{ dt As)As at ~ 1 s s dt l 99 at )kl (4 ' 17) 

Notice that is uniformly bounded on [to, T] for any < to < T < To and s £ (0, 1]. 
Then similar argument in the proof of Theorem 5.1 can be applied. Namely, one can apply 
the maximum principle for (t — to)Tt and (to))C, where 

IV dlfis I 2 

n = -j^r + tr ^ ( w o) + ^ K + rx) 

and 

A. 

JC = — t~ ~~ + BW. 

^4 — u 

If we choose ^4 > sufficiently large, 



< -eft - t o) - ^ *°> Jfc(V.7< ■ V S ^) + Cl H + gl 



< _ eC2 ( t _ t o)H 2 + CiW - 2(1 to) fie(V^ • V s ^) + C 3 . 

A — u ot 

Hence (i — to)H is uniformly bounded on [to,T] x X for any s € (0, 1]. 
If we choose A and B > sufficiently large, 

(|-A s )(t-t )/C 



< -c 4 (t-t )^^- 2 ^^(v s /c.v s ^) + c 1 /c + c 1 



< -C5(t - t )JC 2 + Ci/C - to) Re{V s lC ■ V s %) + C 6 . 

A — u ot 

Hence (t — to)K is uniformly bounded on [to,T] x X for any s £ (0, 1]. Here we make use of 
Claim 1 that 

T tr* s ( X ) = tr a , (u'o + T X ) ~ tr^ s (u/ ) 
is uniformly bounded on [to,T] x X uniformly for s G (0, 1]. Also the term 

T 2 \V s tr^ s (x)\ 2 < |V^> + T X )| 2 + \V s tr^'o)\ 2 

can be controlled by - A s )(tr^ a (uj' ) + tr^ a (uj' + Ty))- 
Therefore there exists C > such that on [to,T] x X 

S(Co s ) = -A s ^-tr^( X )<C 

uniformly in s £ (0,1]. 

The theorem is then proved by letting s — > 0. 

□ 
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Now we shall prove the two claims in the proof of Theorem 14,61 

Proof of Claim 1 Without loss of generality, we let tt : X — > CP"™ be the morphism induced 
by mH and mu) Q is the pullback of the Fubini-Study metric on C~P Nm if m is sufficiently large. 
Notice that for t E [to,T], H + TKx is still semi-ample and big, so m'(H + TK) induces a 
morphism tt' : X — > C~P Nm ' . We can again assume that ujq + T\ is the pullback of the Fubini- 
Study metric on CP^ m ' . The curvature of u' on C~P Nm and the curvature of uj'q + Tx on CP^" 1 ' 
are both bounded. Then it becomes a straightforward calculation from [SoTlj . □ 

Proof of Claim 2 This can be proved by the parabolic Schwarz lemma from [SoTlj . We apply 
the maximum principle for tlogtrcj s (uj' ) — Aip s and t log tr^ a (u' + T\) — Aip s for sufficiently 
large A so that both terms are uniformly bounded on [0, T] x X uniformly for s £ (0, 1]. The 
claim then easily follows. 

□ 

Theorem 14.61 shows that the Kahler-Ricci flow can be defined even if the initial smooth 
Kahler current is in the semi-ample cone of divisors. 

The following theorem is an immediate corollary of Theorem 14.61 

Theorem 4.7 Let X be a Q-factorial projective variety with crepant singularities. Let H be an 
ample Q-divisor on X and 

Tq = sup{i > | H + tKx is nef }. 

If ojq G ICh, p (X) for some p > 1, then there exists a unique solution uj of the unnormalized weak 
Kahler-Ricci flow for t € [0, Tq). 

Furthermore, for any t £ (0, To), there exists C(t) > such that the scalar curvature 
S(u)(t,-)) is bounded by C(t) 

\\S(u(t,'))\\ L oo {x) <C(t). (4.18) 

Proof Let £1 be a smooth volume form on X. Let tt : X — > X be a crepant resolution of X. 
Then 7r* SI is again a smooth volume form on X. Then we can apply Theorem 14.61 

We remark that it might be interesting to remove the dependence on the t for the scalar 
curvature bound if To = oo. 

□ 

It is shown in [Z2] that the scalar curvature is uniformly bounded along the normalized 
Kahler-Ricci flow on smooth manifolds of general type. On the other hand, the scalar will in 
general blow up if the Kahler-Ricci flow develops finite time singularities (see |Z3j). 

5 Kahler-Ricci flow with surgery 
5.1 Minimal Model Program with Scaling 

Definition 5.1 Let X be a projective variety and N±(X)z the group of numerically equivalent 
1-cycles (two 1-cycles are numerically equivalent if they have the same intersection number with 
every Cartier divisor). Let Ni(X)n = N\(X)z <S>z R» We denote by NE(X) the set of classes 
of effective 1-cycles. NE(X) is convex and we let NE{X) be the closure of NE(X) in the 
Euclidean topology. 
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A special case of the Minimal Model Program is proposed in [BCHMj and plays an important 
role for the termination of flips. We briefly explain the Minimal Model Program with Scaling 
below. 

Definition 5.2 (MMP with scaling) 

1. We start with a pair (X, H), where X is a projective (^-factorial variety X with log terminal 
singularities and H is a big and semi-ample Q-divisor on X . 

2. Let \q = inf{A > | XH + Kx is nef} be the nef threshold. If Ao = 0, then we stop since 
Kx is already nef. 

3. Otherwise, there is an extremal ray R of the cone of curves NE{X) on which Kx is 
negative and XqH + Kx is zero. So there exists a contraction it : X — > Y of R. 

• If it is a divisorial contraction, we replace X by Y and let Hy be the strict transfor- 
mation of XqH + Kx by it. Then we return to 1. with (Y, Hy). 

• If tt is a small contraction, we replace X by its flip X + and let H x + be the strict 
transformation of XqH + Kx by the flip. Then we return to 1. with (X + , H x +). 

• // dim y < dim AT, then X is a Mori fibre space, i.e., the fibers of it are Fano. Then 
we stop. 

The following theorem is proved in [BCHMJ. 

Theorem 5.1 If X is of general type, the Minimal Model Program with Scaling terminates in 
finite steps. 

In general, the contraction of the extremal ray might not be the same as the contraction 
induced by the semi-ample divisor XoH + Kx- We define the following special ample divisors 
so that at each step, there is only one extremal ray contracted by the morphism induced by 
X H + K X . 

Definition 5.3 Let X be a projective Q-factorial variety with log terminal singularities. An 
ample Q-divisor H on X is called a good initial divisor H if the following conditions are satisified. 

1. Let Xq = X and Hq = H . The MMP with scaling terminates in finite steps by replacing 
(Xo,Hq) by (Xi,Hi), (X m ,H m ) until X m+ i is a minimal model or X rn is a Mori fibre 
space. 

2. Let Xi be the nef threshold for each pair (Xi,Hi) for i = l,...,m. Then the contraction 
induced by the semi-ample divisor XiHi + Kx i contracts exactly one extremal ray. 

It might be possible that good initial divisors are generic if MMP with scaling holds for 
any pair (X,H). It will be seen in the future that good initial divisors simplify the analysis 
for surgery along the Kahler-Ricci flow, though such an assumption is not necessary. We will 
explain it in detail in Section [5.51 

Now we relate the Kahler-Ricci flow to MMP with scaling. Consider the unnormalized 

Kahler-Ricci flow = —Ric(uj) on X with the initial Kahler current ujq G [H] for an ample 

divisor H on X. Let To = sup{t > | H + tKx > 0}. By the rationality theorem[4TJ To = oo or 
Tq is a positive rational number. In particular, if X is a minimal model, then Tq = oo. In fact, 
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To = j- is the inverse of the nef threshold. The following theorem is a natural generalization for 
the long time existence theorem of Tian and Zhang [TiZha] for the Kahler-Ricci flow on smooth 
minimal models. 

Theorem 5.2 Let X be an n- dimensional Q-factorial projective variety with log terminal sin- 
gularities with nef Kx- For any ample Q-divisor H on X and ojq G tCn,p{X) with p > 1, there 
unnormalized weak Kahler-Ricci flow starting with ojq, exists for t G [0, oo). 

Suppose that X is not minimal and so To < oo. Then H + TqKx is nef and the weak 
Kahler-Ricci exists uniquely for t G [0, To). By Kawamata's base point free theorem, H + TqKx 
is semi-ample and hence the ring R(X,H + T K X ) = ®^ =0 H°(X,m(H + T K X ) is finitely 
generated. 

• If H + TqKx is big and hence R(X, H + TqK~x) induces a birational morphism ir : X — > Y. 
For a generic ample divisor H, the morphism ir contracts exactly one extremal ray of 
NE{X). We discuss the following two cases according to the size of the exceptional locus 

of 7T. 

1. 7r is a divisorial contraction, that is, the exceptional locus Exc(ir) is a divisor whose 
image of it has codimension at least two. In this case, Y is still Q-factorial and has 
at worst log terminal singularities. 

2. 7r is a small contraction, that is, the exceptional locus Exc(tt) has codimension at 
least two. In this case, Y have rather bad singularities and Ky is no longer a Cartier 
Q-divisor. The solution to such a small contraction is to replace X by a birationally 
equivalent variety with singularities milder than those of Y . 

Definition 5.4 ( see [KMM]) Let ir : X — > Y be a small contraction such that —Kx 
is n-ample. A variety X + together with a proper birational morphism ir + : X + — » Y 
is called a flip of n if tt + is also a small contraction and K x + is n-ample. 




Here X + is again Q-factorial and has at worst log terminal singularities. 

• If H + TqKx is not big, then the Kodaira dimension < k = kod(H + TqKx) < n and X 
is a Mori fibre space admitting a Fano fibration over a normal variety Y of dimension k. 
In particular, Y is Q-factorial and has log terminal singularities. 

We will discuss in the following sections the behavior of the Kahler-Ricci flow at the singular 
time To according to the above situations. 

5.2 Estimates 

In this section, we assume that To < oo and H + TqKx is big. 

Let f2 be a smooth volume form on X and \ = V~ TddlogQ G [i^x]- Consider the Monge- 
Ampere flow associated to the unnormalized Kahler-Ricci flow on X with the initial Kahler form 
wo, 
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5t (5.2) 

<p(P,-) = tp €PSH p (X,u ,n) 

where p > 1, Ut = ojq + 1\ and uj = uj t + \/—ldd(p. 

Since H + TqKx is big and semi-ample, the linear system \m(H + TqKx)\ for sufficiently 
large m induces a morphism 

vr : X -> Y C CP Nm . 

Let wy be the pullback of a multiple of the Fubini-Study metric form on CP Nm with wy G 
[if + TqKx]- There exists a resolution of singularities and the exceptional locus of n 

satisfying the following conditions. 

1. X is smooth. 

2. There exists an effective divisor Ey on X such that fi*[H + TqKx] — e[Ey] is ample for 
any sufficiently small e > and the support of Ey coincides with the exceptional locus of 
fi. 

Let Se y be the defining section for the line bundle associated to [Ey] and He y the hermitian 
metric such that for any e > 0, 

/i*wy — eRic{hE Y ) > 0. 
Let Exc(tt) be the exceptional locus of n. Then we have the following uniform estimates. 

Theorem 5.3 Let ip G C°([0,T ) x X reg ) n C°°((0,ro) x X reg ) with <p(t,-) G L°°(X) for all 
t G [0, To), be the solution solving the Monge- Ampere flow 115. fy) . There exists a constant C > 
such that 

IMIl°°([o,t )xX) < C. (5.3) 
Furthermore, for any K CC X \ Exc(ir) and k > 0, there exists Cx,k > such that 

IMIc* fc ([o,To)xA- < C K>k . (5.4) 



Proof We lift the Monge- Ampere flow (15. 2p on X. The proof of the L°°-estimate proceeds in 
the same way as in the proof of Lemma 13.81 since [ut] is big and semi-ample for all t G [0,Tq]. 
The C 2 -estimate on X follows the same argument as in Lemma 13.101 which is valid onl\ Ey . 
Since the support of fJ-(Ey) is contained in Exc(7r), the C 2 -estimate holds on X reg \Exc(jr). We 
leave the details for the readers as an exercise. 

□ 

Theorem 5.4 There exists C > such that on [0, To) x X, 

,5,) 
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Proof We consider H = tip — tp + e log \Se y \\ y on X. Let A be the Laplace operator with 
respect to the pullback of to. Then H is smooth outside Ey and 

(-| - A)H = -tr^o - eRic(h E y)) < 0. 

As H\ t= o = —ipo + elog\SE Y \h Y ^ s bounded from above and for each t G (0,To), the maximum 
of H can only be achieved on X \ Ey, H < H\t=o is uniformly bounded above and by letting 
e — > 0, there exists C > such that 

ty> < C. 

We are done. 

□ 

Corollary 5.1 We consider the unique solution uj for the unnormalized weak Kdhler-Ricci flow 
on X starting with an initial current in 1Ch, p (X) for some p > 1. If H +T$Kx is big, then u(t, •) 
converges to a Kdhler current lut £ ^h+t k x ,oo(^) i- n C°°{X reg \ Exc(tt)) -topology. That is, 
there exists C > such that 

u\ < Cfl (5.6) 

for a fixed smooth volume form Q, on X . 

By Corollary Ell H is trivial over the fibres and so ujy is trivial restricted on each fibre. Let 
ojt = ooy + v 7 — 1 ddifT , then <fT must be constant on each fibre as any fibre of tt are connected. 
Therefore ifT can descend onto Y and £ PSH(Y,ujy) n L°°(Y). So the limiting Kahler 
current ut q descends onto Y as a semi-positive closed (1, l)-current. 

5.3 Extending Kahler-Ricci flow through singularities by divisorial contrac- 
tions 

In this section, we will prove that the weak Kahler-Ricci flow can be continued through divisorial 
contractions. 

We assume that n : X — > Y is a divisorial contraction and the fibres of n are connected. 
It is well-known that Y is again a Q-factorial projective variety with at worst log terminal 
singularities if X is. 

Proposition 5.1 Let Vty be a smooth volume form on Y and Hy = tt*(H + TqK~x)- Then for 
some p > 1, 

(tt- 1 )*^ G K,h y , p {Y). (5.7) 

Proof Obviously, ut has bounded local potentia and the restriction of uj has constant local 
potential along each fibre of it. So ujt descends to Y and (vr -1 )*^^ is well-defined and admits 

(tjJrn ~) n 

bounded local potential on Y. Let F = ^ . It suffices to show F G L p (Y,Vty) for some 
p > 1. There exists C > such that 

Since q-^ has at worst poles, J Y F p Q,y < oo for p — 1 > sufficiently small. 

□ 
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Theorem 5.5 Let X be a Q-factorial projective variety with log terminal singularities and H 
be an ample CI- divisor on X. Let 

To = sup{i > | H + tKx is nef } 

be the first singular time. Suppose that the semi-ample divisor H + TqKx induces a divisorial 
contraction n : X — > Y. 

Let uj be the unique solution of the unnormalized weak Kahler-Ricci flow for t E [0,To) 
starting with ujq G ICh, p (X) for some p > 1. Then there exists u>y,o G K-tt,h y ,p'0^) ^ C co (Y reg \ 
tt(Exc(tt)) for some p' > 1 such that oj(t, •) converges to it*ujy.o i n C co {X reg \ Exc(ir)) -topology 
as t — > To. 

Furthermore, the unnormalized weak Kahler-Ricci flow can be continued on Y with the initial 
Kdhler current loy,o- 

Proof Since Hy is the strict transformation of H by ir and luy,o admits bounded local potential, 
ujy,o G K-h y ,p'(X) for some p' > 1 by Proposition [57TJ Then the Kahler-Ricci flow can start with 
UYfl on Y uniquely as Hy is ample. 

□ 



5.4 Extending Kahler-Ricci flow through singularities by flips 

In this section, we will prove that the weak Kahler-Ricci can be continued through flips. 
We assume that tt : X — » Y is a small contraction and there exists a flip 

TT = vr+ on- 1 : X + — > X. 

Then X + is Q-factorial and it has at worst log terminal singularities. The limiting Kahler 
current ut descends on Y and it can be then pulled back on X + by tt + . Furthermore, there 
exists C > such that 

^f,C. (,S> 

Proposition 5.2 Let £lx+ be a smooth volume form on X + and Hx+ be the strict transforma- 
tion of H + TqKx by tt. Then for some p > 1, 

7T*<2> To € JC Hx+ , p (X+). (5.9) 

Proof {tt^^ujtq is well-defined on Y with bounded local potential. Then tt*Cjt = ((tt o 
7r+ ) _1 )* < ^T is semi-positive closed (1,1) current on X + with bounded local potential as well. 
Let F = (7r ^ T " )n . It suffices to show F £ L p (X+,n x +) for some p > 1. There exists C > 
such that 

£0 ) rfi 



Since ^-i^Iq - has at worst poles, i^fixH- < 00 fo r P ~ 1 > sufficiently small. 



□ 
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Theorem 5.6 Let X be a Q-factorial projective variety with log terminal singularities and H 
be an ample CI- divisor on X. Let 

To = sup{i > | H + tKx is nef } 

be the first singular time. Suppose that the semi-ample divisor H + TqKx induces a small 
contraction n : X — > Y and there exists a flip 




(5.10) 



Y 



Let co be the unique solution of the unnormalized weak Kahler-Ricci flow for t 6 [0, To) 
starting with ujq £ K,h, p {X) for some p > 1. Then there exists ll>x+,o £ K-H x+ ,p'(X + ) such 
that u>(t,-) converges to (ir~ 1 )*u>x+fi in C°°(X reg \ Exc(ir)) -topology, where H x + is the strict 
transformation of H by ft. 

Furthermore, u)x+ o *s smooth outside the singularities of X + and where the flip is performed, 
and the unnormalized weak Kahler-Ricci flow can be continued on X + with the initial Kahler 
current u x +,o- 

Proof Since H + is the strict transformation of H by tt and ujx+ o admits bounded local po- 
tential, u>x+fl £ K>H+ p' f° r some p > 1 by Proposition 15.21 Then the Kahler-Ricci flow can 
start with oj x + o on X + uniquely as H + is big and semi-ample, and H + + eK x + is ample for 
sufficiently small e > 0. 

□ 

5.5 Long time existence assuming MMP 

As proved in Section 15.31 and 15.41 the Kahler-Ricci flow can flow through divisorial contractions 
and flips. If the exceptional loci of the contracted extremal rays do not meet each other, Theorem 
15.51 and 15.61 still hold. However, at the singular time To, the morphism ir : X — > Y induced by 
the semi-ample divisor H + TqKx might contract more than one extremal ray. It simplifies 
the analysis to assume the existence of a good initial divisor as in Definition 15.31 as to avoid 
complicated contractions. 

Theorem 5.7 Let X be a Q-factorial projective variety with log terminal singularities. If there 
exists a good initial divisor H on X , then either X does not admit a minimal model or the un- 
normalized weak Kahler-Ricci flow has long time existence for any Kahler current uiq G JCh, p (X) 
with p > 1, after finitely many surgeries through divisorial contractions and flips. 

Proof Assume X admits a minimal model and let Xq = X and Hq = H. Since H is a good 
initial divisor, by MMP with scaling, at each singular time, the morphism induced by the semi- 
ample divisor is always a contractional contraction or flipping contraction. 

More precisely, suppose the Kahler-Ricci flow performs surgeries and replaces (Xq, Hq) by a 
finite sequence of (Xj,i?j) at each singular time T, i = 1, ...,m , and X m+ \ is a minimal model 
of X. If Aj is the nef threshold for (Xi,Hi) as in Definition 15.21 i = 1, ...,m, Aj > and 

T = T_! + — . 
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At Tj, the morphism induced by the semi-ample divisor Hi + T^Kx i contracts exactly one 
extremal ray and so it must be a divisorial contraction or a flip. By Theorem 15.51 and Theorem 
15.61 the Kahler-Ricci flow with the pair pQ, Hi) is replaced by the one with the pair -Hi+i) 
with Hi + i being the strict transform of Hi + TiKx t until X is finally replaced by its minimal 
model X m+ i and the Kahler-Ricci flow exists for all time afterwards by Theorem 14.41 as Kx m+1 
is nef. 

□ 

If H is not a good initial divisor, the surgery at the finite singular time could be complicated 
and a detailed speculation is given in Section 16.21 

5.6 Convergence on projective varieties of general type 

Let X be a minimal model of general type with log terminal singularities and so Kx is big 
and nef. Let H be an ample Q-divisor on X and uj$ G /C# iP . We consider the normalized 
Kahler-Ricci flow on X. 

— = —Hic{lo) — CO 

dt (5.11) 
w|t=o = Wo- 

Let f2 be a smooth volume form on X and \ £ V~ ^dd log ft £ c\{Kx)- Then the Kahler-Ricci 
flow (15. lip is equivalent to the following Monge- Ampere flow. 



< 

where uj t = e~ t u>Q + (1 — e~ t )x- 
Now that Kx is semi-ample 
general type. The linear system 

7r : X — > X can , 

where X can is the canonical model of X. Without loss of generality, we can always assume that 
X > and \ is big. Furthermore, we can assume ojq > ex for sufficiently small e > since H is 
ample. 

The long time existence is guaranteed by Theorem 14.41 since Kx is nef and To = oo. 

Proposition 5.3 The weak normalized Kahler-Ricci flow 15.11]) exists on [0, oo) x X for any 
initial Kdhler current to S Kh, p [X) with p > 1. 

Lemma 5.1 There exists C > such that 

||p(V)IU°°([o,oo)xA-) < C- ( 5 - 13 ) 

Proof Let X be a nonsingular model of X. Without loss of generality, we can consider the 
Monge- Ampere flow ()5. 12j) on X by pullback and the following smooth approximation for the 
Monge- Ampere flow as discussed in Section [3721 



dp , (u t + ^iddp) n 

757 = log ^ <p 

dt Q (5.12) 

<p\t=a = ¥>o> 



as A is a minimal model, the abundance conjecture holds for 
ImA^xl for sufficiently large m > induces a morhpism 
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d<p s ,w,r , (u t ,s + V-^ddcp auir ) n 

- log ; — Lp s 



at & n 



w . r 



(5.14) 



iPs,w,r\t=0 — ¥>(0,s)) 

where Wt iS = u>t + si? and fl^r are denned as in Section 13.21 

Let (p s ,w,r £ C°°(X) be the solution of the following Monge- Ampere equation 

( X + s$ + V^ldd0 S)Wir ) n = e^n^. (5.15) 
There exists C > such that for all s,w,r S (0, 1], 

1 1 ^a,w,r 1 1 — 

Let V'e = ¥>s,w,r — <^s,to,r — £ log | S fi\ h- , where E is a divisor whose support contains the 
exceptional locus of the resolution of X over X and x ~ tRic(hg) > for sufficiently small 
e > 0. Then similar argument by the maximum principle as in Section 13.31 shows that ip e is 
uniformly bounded from below for all t E [0, oo) and for all sufficiently small e > 0. Then by 
letting e — > 0, there exists C > such that for t 6 [0, oo), s, w and r G (0, 1], 

Therefore <£> is uniformly bounded from below for all t £ [0, oo) by its definition. The uniform 
upper bound of </? can be obtained by similar argument. 

□ 

Lemma 5.2 Let X° = X reg \Exc(ir). For any K CC X° , to ariC ^ A; > , t/iere exists Cx,k,t > 
suc/i that for t € [to, oo), 

IKV)lb* (X) <C Wo . (5.16) 

Proof We can assume that X is nonsingular with the cost of loq and O being degenerate. We 
first have to show that tr wo (u) is uniformly bounded on K. This is achieved by similar arguments 
for Lemma 13.101 Then the higher order estimates follow by standard argument. 

□ 



Lemma 5.3 For any to > 0, there exists C > such that on [to, oo) x X, 

< Cte-\ (5.17) 



9( P „ .-/ 



dt 

Proof Notice that 



,d ..dip t , , .dip 



Let H = e — A ip + e log IS^I^. — Ant, where A > is sufficiently large such that Ajo > X 
and e > is chosen to be sufficiently small. Then there exists C > for all sufficiently small 
e > such that 
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(—-A)H = -tr w (Aoj t + uJo-x-eRich(h s ))-A-^ 

<- "4 

< -Ae-'H- A 2 <p + Aelog\S$\l - Ant 

< -Ae~*H - C. 

Since the maximum can only be achieved on X° and H\t 0= o is bounded from above, by the 
maximum principle, there exists C > such that on [to, oo) x X, 

H < C(t + 1). 

Therefore there exists C > independent of e such that on [to, oo) x X, 



^<Ce-\l + t-elog\Sz\lj. 
The lemma is proved by letting e — > 0. 



□ 



Corollary 5.2 

i dtp 



L ™ \\-^Wl1{X)= 0. (5.18) 



t— >oo 



Proof There exists T > 0, such that ^ < e~' /2 for all f > T. Notice that ^(t,z)dt = 
(f(t2, z) — <p(ti, z) is uniformly bounded for all t\, t2 > and ^ — e~*/ 2 < for all t > T. Then 



J T \\to\\r>(X)*t «*>. 



(5.19) 



On the other hand, -^(tp + e */ 2 ) < and so tp + e */ 2 is decreasing in time. Since tp is 
uniformly bounded, there exists tp^ £ PSH(X,x) H L°°(X) such that tp converges to tp^ in 
L l {X) and C 00 ^ ) as t -» cc. Hence §f converges to a function F G L°°(X) n C°°(X°) 
in C°°(X°) n L 1 ^). Combined with ([STT^ . F = 0. Otherwise, /~ ||^|| L i (X )^ = 00. The 
corollary is then proved. 

□ 

Proposition 5.4 Let tp^ £ PSH(X,x) nL°°(X) be the unique solution of the Monge- Ampere 
equation 

( X + V^lddt Poo ) n = e^n. (5.20) 
Then tp converges to tpoo in L 1 (X) n C QO {X°) as t —> 00. 

Proof Let tp^ be the limit of tp as t — > 00. By Corollary 15.21 ^ converges to 0, and so tp^ 
must satisfy equation (|5.2U|) . The uniqueness of tp^ follows from the uniqueness of the solution 
to the equation flOD]) as tp^ £ PSH(X, x) H L°°(X). 

□ 

The Kahler current x + v 7- lddtpoo i s exactly the pullback of the unique Kahler-Einstein 
metric ujk e on the canonical model X can of X in Theorem 12.21 The following theorem then 
follows from Proposition [57 
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Theorem 5.8 Let X be a minimal model of general type with log terminal singularities. For any 
Q-ample divisor H on X , the normalized weak Kdhler-Ricci flow converges to the unique Kdhler- 
Eintein metric loke on the canonical model X can for any initial Kdhler current in JCh. p (X) with 
p > 1. 

We have the following general theorem by combining Theorem 15.71 and Theorem 15,81 if the 
general type variety is not minimal. 

Theorem 5.9 Let X be a projective Q-factorial variety of general type with log terminal sin- 
gularities. If there exists a good initial divisor H on X, then the normalized weak Kdhler-Ricci 
flow starting with any initial Kdhler current in JCn,p(X) with p > 1 exists for t £ [0, oo) and re- 
places X by its minimal model X m i n after finitely many surgeries. Furthermore, the normalized 
Kdhler-Ricci flow converges to the unique Kdhler- Eintein metric loke on its canonical model 

X C an • 

6 Analytic Minimal Model Program with Ricci Flow 

In this section, we lay out the program relating the Kahler-Ricci flow and the classification of 
projective varieties following |SoTl| and |T3]. The new insight is that the Ricci flow is very 
likely to deform a given projective variety to its minimal model and eventually to its canonical 
model coupled with a canonical metric of Einstein type, in the sense of Gromov-Hausdorff. We 
will start discussions with the case of projective surfaces. 

6.1 Results on surfaces 

A smooth projective surface is minimal if it does not contain any (— l)-curve. Let Xq be an pro- 
jective surface of non-negative Kodaira dimension. If Xq is not minimal, then the unnormalized 
Kahler-Ricci flow starting with any Kaher metric luq in the class of an ample divisor Hq has a 
smooth solution until the first singular time To = sup{t > | Hq + TqKx is nef}. The limiting 
semi-ample divisor Hq + TqKx induces a morphism 

T^O'- Xq ^ Xl 

by contracting finitely many (— l)-curves. X\ is smooth and there exists an Q-ample divisor H\ 
on X\ such that Hq + TqKx q = t^qH\. Then by Theorem 15.51 the unnormalized Kahler-Ricci 
flow can be continued through the contraction ttq at time To. Since there are finitely many 
(— l)-curves on X, the unnormalized Kahler-Ricci flow will arrive at a minimal surface X m i n 
or it collapses a CP 1 fibration in finite time after repeating the same surgery for finitely many 
times. 

It is still a largely open question if the Kahler-Ricci flow converges to the new surface in the 
sense of Gromov-Hausdorff at each surgery. The only confirmed case is the Kahler-Ricci flow on 
CP 2 blow-up at one point. More precisely, it is shown in |SWj that the unnormalized Kahler- 
Ricci flow on CP 2 blow-up at one point converges to CP 2 in the sense of Gromov-Hausdorff if 
the initial Kahler class is appropriately chosen and the initial Kahler metric satisfies the Calabi 
symmetry. Then the flow can be continued on CP 2 and eventually will be contracted to a point 
in finite time. This shows that the Kahler-Ricci flow deforms the non-minimal surface to a 
minimal surface in the sense of Gromov-Hausdorff. Similar behavior is also shown in |SW| for 
higher-dimensional analgues of the Hirzebruch surfaces. This leads us to propose a conjectural 
program in the following section for general projective varieties. 
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After getting rid of all (— l)-curves, we can focus on the minimal surfaces divided into ten 
classes by the Enriques-Kodaira classification. 

If kod(X m i n ) = 2, X m i n is a minimal surface of general type and its canonical model X can is 
an orbifold surface achieved by contracting all the (— 2)-curves on X m i n . It is shown in [TiZha] 
that the normalized Kahler-Ricci flow = —Ric(uj) — u converges in the sense of distributions 
to the pullback of the orbiford Kahler-Einstein metric on the canonical model X can . 

If kod(X m i n ) = 1, X m i n is a minimal elliptic fibration over its canonical model X can . It 
is shown in [SoTlj that the normalized Kahler-Ricci flow ^ = —Ric{uj) — uj converges in the 
sense of distributions to the pullback of the generalized Kahler-Einstein metric on the canonical 
model X can - 

If kod(X m j n ) = 0, Kx is numerically trivial. Yau's solution to the Calabi conjecture shows 
that there always exists a Ricci-fiat Kahler metric in any given Kahler class on X m i n . In 
particular, it is shown in [C] that the unnormalized Kahler-Ricci converges in the sense of 
distributions to the unique Ricci-flat metric in the initial Kahler class. 

If X is Fano, then it is proved in [Pe2] and [TiZhuj that the normalized Kahler-Ricci flow 
^jr = —Ric(uj) + u) with an appropriate initial Kahler metric will converge in the sense of 
Gromov-Hausdorff to a Kahler-Ricci soliton after normalization. 

In general, the understanding of the Kahler-Ricci flow is still not completely understood for 
surfaces of — oo Kodaira dimension as the flow might collapse in finite time. 

6.2 Conjectures 

In this section, we discuss our program in higher dimensions. Our proposal gives new under- 
standing of the Minimal Model Program from the viewpoint of differential geometry. We refer 
it as the analytic Minimal Model Program. 

Minimal Model Program with Ricci Flow 

1. We start with a triple (X,H,co), where X is a Q-factorial projective variety with log 
terminal singularities, H is a big semi- ample Q-divisor on X such that H + eKx is ample 
for sufficiently small e > 0, and uo E JCh, p (X) for some p > 1. Let 

T = inf{t > | H + tK x is nef}. 

Let uj(t, •) be the unique solution of the unnormalized weak Kahler-Ricci flow for t £ [0, To). 

Conjecture 6.1 For each t £ (0,Tq), the metric completion of X reg by uj(t,-) is homeo- 
morphic to X . 

We also conjecture that the Ricci curvature of co(t, •) is bounded from below. 

2. If To = oo, then X is a minimal model and the Kahler-Ricci flow has long time existence. 
The abundance conjecture predicts that Kx is semi-ample and kod(X) > 0. 

2.1. kod(X) = dimX, i.e., X is a minimal model of general type. 
Conjecture 6.2 The normalized Kahler-Ricci flow 

^- = —Riciuj) — Co. 
as 

starting with u converges to the unique Kahler-Einstein metric loke on X can in the 
sense of Gromov-Hausdorff as s — > oo. 
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The weak convergence in distribution and smooth convergence outside the exceptional 
locus is obtained in [Tsj and [TiZhaj if X is nonsingular. If X is nonsingular and Kx 
is ample, it is the classical result in [C] that the flow converges in C°°(Y)-topology. 

2.2. < kod(Y) < dimX. 

Conjecture 6.3 The normalized Kdhler-Ricci flow 

-—- = —Riciuj) — Co. 

OS 

starting with u converges to the unique generalized Kahler- Einstein metric iv can on 
X C an ( as in Theorem \2.S\) in the sense of Gromov-Hausdorff as s — > oo . 

If Kx is semi-ample, X admits a Calabi-Yau fiberation over its canonical model 
X can . The weak convergence in distribution is obtained in |SoTl| and |SoT2j if X is 
nonsingular and Kx is semi- ample. 

2.3. kod(Y) = 0. Kx is numerically trivial. 
Conjecture 6.4 The unnormalized Kdhler-Ricci flow 

Tt = ~ Rlc{u) 

converges to the unique Ricci-flat Kahler metric in [H] in the sense of Gromov- 
Hausdorff as t — > oo. 

It is shown in [C] that the flow converges in C°°(Y)-topology if X is smooth. The 
weak convergence is obtained in [SYj if X has log terminal singularities. 

3. If To < oo, then the semi-ample divisor H + TqKx induces a contraction 

7T : X -> Y. 

3.1 dimY = dim X. 

Conjecture 6.5 Ast — > Tq, (X,uj(t,-)) converges to a metric space (X + ,wj+) along 
the unnormalized Kdhler-Ricci flow 

% = - RIC{U) 

in the sense of Gromov-Hausdorff. Furthermore, u)(t, •) converges in C°° outside a 
subvariety S of X, and (X + ,uix+) is the metric completion of the smooth limit of 
(X \ S,u(To,-)) . Here X + is a normal projective variety satisfying the following 
diaqram 

i +\— i 

x ► ,v 

Y 

and X + is ir + -ample. ir + : X + — > Y is a general flip of X. 

Let H x + be the strict transformation of H + TqKx by the general flip. Then K x + 
and Hx+ are both Q-Cartier with Hx+ + cKx+ being ample for sufficiently small 
e > 0, and uj x + £ K-H x+ ,p(X + ) for some p' > 1. 
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We then repeat Step 1 by replacing (X,H,uj) with (X + , H x +, even though 

X + is not necessarily Q-factorial. Note that a divisorial contraction is also a general 
flip if we choose ir + to be the identity map. 

3.2 < dimY < dimX. X then admits a Fano fibration over Y. 

Conjecture 6.6 As t — > Tq, (X,uj(t,-)) converges to a metric space (Y\ujy) along 
the unnormalized Kahler-Ricci flow 

% = - RIC{U) 

in the sense of Gromov-Hausdorff. Let Hy be the divisor where uiy lies. Then both 
Kyi and Hyi are Q-Cartier, and cuy G ICh y , ,p'(X') f or some p' > 1- 

We then repeat Step 1 by replacing (X,H,u>) by (Y' , Hy, ujyi). 

3.3 If dimY = 0, X is Fano and u) G —Tq[Kx\- 

Then we have the following generalized Hamilton-Tian conjecture. 

Conjecture 6.7 Then the normalized Kahler-Ricci flow 

duo 1 
_ = -Ric cj + —u. 
os T 

starting with to converges to a Kahler-Ricci soliton (XoqjLOkr) in the sense of Gromov- 
Hausdorff as s — > oo . 

Perelman [Pe2] announced a proof for this conjecture for Kahler-Einstein manifolds. 
A proof is given for Fano manifolds with a Kahler-Ricci soliton by Tian-Zhu [TiZhuJ. 



It is conjectured by Yau |Y2| that the existence of a Kahler-Einstein metric on a Fano 
manifold is equivalent to suitable stability in the sense of geometric invariant theory. 
The condition of X-stability is proposed by Tian [Tl| and is refined by Donaldson 
[Do] . The Yau-Tian-Donaldson conjecture claims that the existence of Kahler metrics 
with constant scalar curvature is equivalent to the X-stability (possibly with some 
additional milder conditions on holomorphic vector fields). Since the Kahler-Ricci 
flow provides an approach to such a conjecture for Kahler-Einstein metrics and it has 
attracted considerable current interest. We refer the readers to an incomplete list of 
literatures [PST] . [PS2] . [TiZhuj . [PSSWlj . [PSSW2j . (Sij and [To] for some recent 
development. 
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